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By including the strong isospin symmetry breaking effects and the electromagnetic contributions
between the pseudoscalar mesons, we calculate the phase shifts of the P -wave pipi and Kpi scattering
up to O(p4) in the framework of the SU(3) chiral perturbation theory (ChPT) and coupled channel
inverse amplitude method. We re-fit the low energy constants with the present meson-meson scat-
tering data and derive the mass differences for the charged and neutral iso-multiplets of ρ and K∗.
Our results show that the mass difference between ρ± and ρ0 is very small while the mass difference
between the charged and neutral K∗ can reach a relatively large value of mK∗0 −mK∗+ = 2.91
+1.43
−1.41
MeV. This full one-loop ChPT calculation would shed some light towards a better understanding
of the long-standing puzzle about the K∗ mass splitting.
PACS numbers: 11.80.Et, 12.39.Fe, 13.75.Lb, 14.40.-n
I. INTRODUCTION
The mass splittings among iso-multiplets has been recognized as one of the predominant features of isospin breaking
effects. They can generally be attributed to two mechanisms. One is due to the u-d quark mass difference, and the
other is due to the electromagnetic (EM) interactions that contribute to the charged and neutral multiplets differently.
However, although the sources for isospin symmetry breaking are known, quantitative evaluations of the isospin
symmetry breaking effects in specific processes sometimes are nontrivial. In this work we will study the mass splitting
between the charged and neutral iso-multiplets of ρ and K∗. We will focus more on the mass splitting between K∗±
and K∗0 caused by the isospin symmetry breaking since it is still full of controversies in both experiment and theory.
The masses of both K∗0 and K∗± have been measured in experiment. From Particle Data Group (PDG) the
averaged value for the neutral state is 895.55± 0.20 MeV [1] of which the most recent high-precision measurements
were fromD meson decays at BESIII [2], BaBar [3] and CLEO [4]. In contrast, early measurements from pp scatterings
or meson-baryon scatterings contain large uncertainties as listed in PDG [1]. For the charged K∗ mass measurements
two different averaged values are listed. One is extracted from hadron produced processes with a value of 891.66 ±
0.26 MeV [1], and the the other one is measured in τ decays with a value of 895.47 ± 0.20 ± 0.74 MeV [5]. The
puzzling observation is that the mass values of the charged K∗ extracted in these two typical processes turn out to be
dramatically different. Namely, in one case it appears to have about 4 MeV mass difference compared to the neutral
one while and in the other case it becomes almost equal to each other. The mass difference between these two groups
of measurements, which is about 4 MeV, can be regarded as significant. In contrast, the mass difference provided
by PDG using only hadroproduction data [6, 8] yields mK∗0 −mK∗± = 6.7 ± 1.2 MeV, which is even larger. These
controversies suggest that a reliable measurement and less model-dependent calculations are both needed to clarify
this mysterious situation about the K∗ isospin breaking effects.
Early calculations of the isospin breaking effects among SU(3) flavor multiplets were done in the quark model based
on the SU(6) spin-flavor symmetry [9, 10]. A consequent relation is mK0 −mK± = mK∗0 −mK∗± ≃ 4 MeV, which
seems to be a reasonable perspective. However, later calculations using QCD-based constituent quark model (CQM)
led to rather different answers [11–16]. In particular, both relativistic and nonrelativistic CQM favor a smaller value
of about 2 MeV mass difference for mK∗0 −mK∗± [14, 15]. In recent years, chiral constituent quark model [17] is also
applied to the study of the K∗(892) mass splitting and their results also favor a relatively small mass difference which
is about 1.31± 0.56 MeV [18–20] and significantly smaller than mK0 −mK± .
In Refs. [21–23] a heavy vector meson effective theory was developed in the framework of chiral perturbation theory
(ChPT) [28–32] by including the vector mesons as massive fields interacting with the light mesons. This allows an
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2effective field theory approach for the isospin breaking effects for the vector mesons. With the chiral correction up
to O(p4) and EM corrections, the K∗ mass splitting is found to be 4.5 MeV in Ref. [22]. In order to go beyond the
restricted regime for the ChPT, theoretical tools were developed in the literature to combine nonperturbative methods
and the ChPT together [33–40]. In Refs. [26, 41] a coupled-channel unitary approach using the inverse amplitude
method was developed that extended the energy region successfully up to 1.2 GeV. In this framework light resonances
can be described as dynamically generated states via hadron-hadron interactions. The vector meson phase shifts and
light scalar mesons can be accounted for in the limit of isospin symmetry. Later, a complete one-loop calculation of the
meson-meson scattering amplitudes with the same method was presented in Ref. [45]. A coherent description of the
meson-meson scattering data up to 1.2 GeV was achieved with impressive success. The light scalar and vector mesons
can be dynamically generated as the pole structures of the scattering amplitudes. The success of Refs. [26, 41, 45]
have shown the important role played by the coupled-channel dynamics with unitarization.
In this work we adopt the method developed in Refs. [26, 41, 45], but extend it to accommodate the isospin breaking
effects. In particular, by extending the method of Ref. [45] to include the isospin breaking effects, we will calculate
the phase shifts for the P -wave ππ and Kπ scatterings up to order of O(p4). Since the u-d quark mass difference and
EM interaction will also contribute to the mass matrix of the ChPT Lagrangian it would be interesting to inspect
the outcomes from this successful method. By fitting the P -wave ππ and Kπ phase shift data simultaneously, we can
constrain the chiral parameters using the (I, J) = (1, 1) data and determine the isospin symmetry breaking effects
in the (1/2, 1) channel. This can be regarded as a reliable estimate of the K∗ mass splitting from the ChPT.
This paper is organized as follows. In Sec. II the ChPT Lagrangian and main feature from the full one-loop
calculation is discussed. In Sec. III unitary and partial waves will be briefly illustrated in the framework of the ChPT
and coupled channel inverse amplitude method. In Sec. IV the results and discussions will be presented. A brief
summary will be given in Sec. V. For the convenience of following the detailed computation by readers we include
the partial wave scattering amplitudes and some useful formulas in Appendix.
II. THE CHPT FORMALISM
We first briefly introduce the ChPT Lagrangians adopted in this work. The leading order ChPT Lagrangian for
the pseudoscalar mesons has the same expression as that in the isospin symmetry limit [26, 41, 45] and is written as
the following:
L2 = F
2
0
4
Tr
[
DµU(D
µU)†
]
+
F 20
4
Tr
[
χU † + Uχ†
]
, (1)
where F0 is the decay constant of pseudoscalar mesons and U(x) is expressed as:
U(x) = exp(i
√
2Φ(x)/F0) , (2)
with Φ(x) denoting the pseudoscalar meson octet matrix:
Φ ≡


1√
2
π0 + 1√
6
η π+ K+
π− − 1√
2
π0 + 1√
6
η K0
K− K¯0 − 2√
6
η

 .
For the traditional ChPT the mass matrix χ is a diagonal matrix with the bare masses of π and K or the bare
masses of the u (d) and s quark. In the limit of isospin symmetry the bare masses of the u and d quark are the same.
With the isospin breaking considered, the mass matrix χ should be rewritten as:
χ =


m20K+ −m20K0 +m20pi+ 0 0
0 m20K0 −m20K+ +m20pi+ 0
0 0 m20K+ +m
2
0K0 −m20pi+

 , (3)
where m0P (with P = π,K) stands for the bare mass of the corresponding pseudoscalar meson. When taking
the isospin symmetry limit, the mass matrix returns to the normal form [30–32, 45] with the expressions m0pi+ =
B0(mu+md), m0K+ = B0(mu+ms) and m0K0 = B0(md+ms) [51]. In addition, the covariant derivative is adopted
in Eq. (1) in order to include the EM contributions. Then the next leading order, O(p4), Lagrangian is written as:
L4 = L1Tr
[
DµU(D
µU)†
]2
+ L2Tr
[
DµU(DνU)
†]Tr [DµU(DνU)†]
3+L3Tr
[
DµU(D
µU)†DνU(DνU)†
]
+ L4Tr
[
DµU(D
µU)†
]
Tr
[
χU † + Uχ†
]
+L5Tr
[
DµU(D
µU)†(χU † + Uχ†)
]
+ L6Tr
[
χU † + Uχ†
]2
+ L7Tr
[
χU † − Uχ†]2
+L8Tr
[
χU †χU † + Uχ†Uχ†
]− iL9Tr [fRµνDµU(DνU)† + fLµν(DµU)†DνU] , (4)
where the chiral parameters Li(i = 1− 9) are energy-scale dependent and generally written as Li = Lri (µ) +Γiλ with
µ the MS − 1 renormalization scale and λ ≡ µd−416pi2
[
1
d−4 − 12 (log 4π − γ + 1)
]
. The L4 Lagrangian contributes to the
O(p4) tree diagrams of the meson scatterings and can be used to calculate the meson mass corrections. The term of
L9 comes from the EM interaction and does not appear in Refs. [26, 41, 45] due to the neglect of isospin breaking
effects there.
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(f ) (g)
FIG. 1: The Feynman diagrams of “pure chiral” interaction that we consider for meson-meson scatting. The solid circle and
solid square stand for the vertex of O(p2) and O(p4), respectively. (a) is the tree level of O(p2) and (b) is the tree level of
O(p4). (c),(d),(e) are s,t,u channel. (f) is tadpole diagram and (g) is wave function normalization term.
(f ) (g)
(d)(c)
(a) (b)
(e)
FIG. 2: The Feynman diagrams of EM interaction for meson-meson scattering. The solid circle and solid square stand for the
vertex of order O(p2) and O(p4), respectively. (a) and (b) are the tree diagrams of order O(p2) and O(p4) and (c)-(g) are the
one-loop diagrams which are neglected in our calculation.
Figures 1 and 2 show all the Feynman diagrams for the meson-meson scattering up to O(p4) including the “pure
chiral” interaction and EM interaction. We collect the amplitudes in several parts below:
T2 = T
tree
2 + T
EM
2 , (5)
T4 = T
tree
4 + T
correct
4 + T
stu
4 + T
tadpole
4 + T
wf
4 + T
EM
4 , (6)
4where T tree2 and T
tree
4 represent the O(p2) and O(p4) contributions from the tree diagrams of the “pure chiral”
interaction, respectively. It should be stressed that T correct4 is the contribution from the meson mass and decay constant
correction of T tree2 . The term T
stu
4 contains the contributions from the s, t, u loops and T
tadpole
4 corresponds to the
contribution of the tadpole diagram. The term Twf4 represents the contribution from wave function renormalization
of the pseudoscalar mesons and is given by
Twf4 =
1
2
∑
i=1,2,3,4
(Z(i)p − 1)T tree2 , (7)
where Zp is the wave function renormalization constant and the subscript p represents the mesons of external lines.
The superscript i represents the sequence number of external lines. In our calculation, the renormalized masses of
the pseudoscalar mesons have the following expressions:
m2pi+ = m
2
0pi+
[
1 + µpi0 −
µη
3
+
8m20pi+
F 20
(2L6 + 2L8 − L4 − L5) +
8m20K+
F 20
(2L6 − L4) +
8m20K0
F 20
(2L6 − L4)
]
,
m2K0 = m
2
0K0
[
1 +
2µη
3
+
8m20pi+
F 20
(2L6 − L4) +
8m20K+
F 20
(2L6 − L4) +
8m20K0
F 20
(2L6 + 2L8 − L4 − L5)
]
,
m2K+ = m
2
0K+
[
1 +
2µη
3
+
8m20pi+
F 20
(2L6 − L4) +
8m20K0
F 20
(2L6 − L4) +
8m20K+
F 20
(2L6 + 2L8 − L4 − L5)
]
, (8)
where
µi =
m2p
32π2F 20
log
m2p
µ2
, (9)
with p = π,K, η. In our calculation the renormalization scale µ takes a value of 770 MeV. The wave function
renormalization constants (only the finite part) of pseudoscalar mesons is written as:
Zpi± = 1 +
2
3
(µpi± + µpi0) +
1
3
(µK± + µK0)−
8
F 20
[
Lr4(m
2
0,K± +m
2
0,K0) + (L
r
4 + L
r
5)m
2
0pi±
]
,
Zpi0 = 1 +
4
3
µpi± +
1
3
(µK± + µK0)−
8
F 20
[
Lr4(m
2
0,K± +m
2
0,K0) + (L
r
4 + L
r
5)m
2
0 pi±
]
,
ZK = 1 +
1
6
(2µpi± + µpi0) +
1
3
(2µK± + µK0) +
1
2
µη − 8
F 20
[
Lr4(m
2
0,K± +m
2
0,K0 +m
2
0pi±) + L
r
5m
2
0K±
]
,
Zη = 1 + µK± + µK0 −
8
3F 20
[
(3Lr4 − Lr5)m20,pi± + (3Lr4 + 2Lr5) (m20,K± +m20,K0)
]
. (10)
The meson decay constants with corrections to one loop is written as:
fpi = F0
[
1− 2µpi − µK + 4m
2
0pi
F 20
(Lr4 + L
r
5) +
8m20K
F 20
Lr4
]
,
fK = F0
[
1− 3µpi
4
− 3µK
2
− 3µη
4
+
4m20pi
F 20
Lr4 +
4m20K
F 20
(2Lr4 + L
r
5)
]
,
fη = F0
[
1− 3µK + 4L
r
4
F 20
(
m20pi + 2m
2
0K
)
+
4m20 η
F 20
Lr5
]
. (11)
Considering the difference of decay constants between charged and neutral mesons is about 1%, we set fpi0 = fpi± and
fK0 = fK+ .
We have also considered the isospin breaking effects for mass renormalizations and wave function renormalizations
of the neural and charged mesons, respectively. Eq. 8 and Eq. 10 will turn into the usual expression [45] in the limit
of isospin symmetry. Although we show all the Feynman diagrams of EM interaction up to O(p4) in Fig. 2 (Note
that the leading order of EM contribution is O(α)), we only calculate the amplitudes of tree diagrams of O(p2) noted
by TEM2 and O(p4) noted by TEM4 . This is because that the EM coupling is small. Higher order EM corrections are
negligible and can be considered as next next leading order. Our final results are expressed explicitly in terms of the
physical masses and physical values for the decay constants of the pseudoscalar mesons. To ensure the perturbative
unitarity, we express fk and fη by fpi using the Eq. 11. In the calculation we have adopted fpi = 92.4 MeV as Ref. [45].
5III. UNITARY AND PARTIAL WAVES
A. Unitary
The S matrix is unitary i.e. SS† = 1. In the case of two dimension coupled channel, S can be organized as 2 × 2
matrix
S =
[
ηe2iδ1 i
√
1− η2ei(δ1+δ2)
i
√
1− η2ei(δ1+δ2) ηe2iδ2
]
, (12)
where δi(i = 1, 2) are the phase shifts which we will focus on and η is the inelasticity. The T -matrix elements T
IJ
ij are
related to S matrix elements through the equation
S =
[
1 0
0 1
]
+
[
2iσ1T11 2i
√
σ1σ2T12
2i
√
σ1σ2T21 2iσ2T22
]
, (13)
where T12 = T21 and σi is the phase space of that state at
√
s and given by
σn = − pn
8π
√
s
θ
(
s− (m1n +m2n)2
)
, (14)
where pn is the on-shell center of mass (c.m.) momentum of the meson in the intermediate state n and m1n, m2n are
the masses of the two mesons in the state n. Note that we omit the I (isospin) and J (partial wave) labels for the T
matrix just for convenience. Based on the unitary of S matrix, the T matrix satisfies
ImT = TΣT ∗, (15)
where Σ is a real diagonal matrix and written as:
Σ =
[
σ1 0
0 σ2
]
. (16)
Next, considering in ChPT that the T matrix can be expanded in powers of p2, i.e. T ≃ T2+T4+ . . . and combining
Eqs. (15) and (18) together, we have
Im[T2 + T4 + . . . ] = [T2 + T4 + . . . ] · Σ · [T2 + T4 + . . . ],
ImT2 = 0,
ImT4 = T2 · Σ · T2,
. . . . (17)
Then, we could have
T−1 ≃ T−12 · [1 + T4 · T−12 + . . . ]−1 ≃ T−12 · [1− T4 · T−12 + . . . ] , (18)
which leads to
T2 · ReT−1 · T2 ≃ T2 − ReT4 . . . . (19)
Now we deduce the expression of the T matrix in terms of T2 and T4. From Eq. (15) we can easily obtain
Σ = T−1 · ImT · T ∗−1
=
1
2i
T−1 · (T − T ∗) · T ∗−1
= −ImT−1. (20)
Then, we have
T =
[
ReT−1 − iΣ]−1 . (21)
6In order to avoid using T−12 which may not be invertible, we modify Eq. (21) by multiplying T2T
−1
2 to the left and
T−12 T2 to the right. Combining Eqs. (19) and (17) together, the T matrix can be written as
T = T2 · (T2 · ReT−1 · T2 − iT2 · Σ · T2)−1 · T2
= T2 · (T2 − ReT4 − iImT4)−1 · T2 (22)
Finally, we obtain a simple expression
T = T2 · [T2 − T4]−1 · T2. (23)
This is the IAM formula for the coupled channel transitions. This two-dimension coupled channel formula can avoid
some problems that occur in the single channel IAM when T2 = 0 or |T2| = |T4| [26]. On the other hand, the left-hand
cuts, which can be ignored in the single channel IAM [27, 45], will be properly included. Equation (23) requires the
complete evaluation of T4 which contains quite a number of processes being neglected in the isospin symmetry limit,
and the calculation details are given in the next section.
B. Coupled channel partial waves
In order to dynamically generate the meson with definite isospin and spin, we must extract the definite isospin
component from meson-meson scattering processes and do partial wave analysis. Note that the strong interaction is
invariant under the isospin transformation in the isospin symmetry limit, i.e.
〈I ′, I ′3|T |I, I3〉 = T IδI′IδI′3I3 . (24)
If the isospin symmetry is broken, Eq. (24) should be re-written as:
〈I ′, I ′3|T |I, I3〉 = T I,I3δI′IδI′3I3 , (25)
which means that the processes with different I3 will have different amplitudes for the same isospin. Thus, the number
of independent processes will increase compared with the cases that isospin symmetry is conserved. On the other
hand, the charged and neutral channel can be conveniently distinguished by I3. All the independent processes we
adopt are given as follows:
For ρ+, the following processes can contribute:
• ππ → ππ scattering:
T I=1,I3=1(s, t, u) = Tpi+pi0→pi+pi0(s, t, u)− Tpi+pi0→pi+pi0(s, u, t), (26)
• ππ → KK/KK → ππ scattering:
T I=1,I3=1(s, t, u) =
√
2Tpi+pi0→K+K¯0(s, t, u), (27)
• KK → KK scattering:
T I=1,I3=1(s, t, u) = TK+K−→K0K¯0(t, s, u). (28)
For ρ0, the following processes can contribute:
• ππ → ππ scattering:
T I=1,I3=0(s, t, u) = Tpi+pi−→pi+pi−(s, t, u)− Tpi+pi−→pi+pi−(s, u, t), (29)
• ππ → KK/KK → ππ scattering:
T I=1,I3=0(s, t, u) = Tpi+pi−→k+k−(s, t, u)− Tpi+pi−→k+k−(s, u, t), (30)
• KK → KK scattering:
T I=1,I3=0(s, t, u) = TK+K−→K+K−(s, t, u) + TK+K−→K0K¯0(s, t, u). (31)
7For K∗+, the following processes can contribute:
• Kπ→ Kπ scattering:
T I=
1
2
,I3=
1
2 (s, t, u) = 2TK0pi+→K0pi+(s, t, u)− TK+pi0→K+pi0(s, t, u), (32)
• Kπ→ Kη/Kη→ Kπ scattering:
T I=
1
2
,I3=
1
2 (s, t, u) =
√
3TK+pi0→K+η(s, t, u), (33)
• Kη→ Kη scattering: The process K+η → K+η is pure I = 1/2 process.
T I=
1
2
,I3=
1
2 (s, t, u) = TK+η→K+η(s, t, u). (34)
Similarly, for K∗0 with I = 12 , I3 = − 12 , the following processes can contribute:
• Kπ→ Kπ scattering:
T I=
1
2
,I3=− 12 (s, t, u) = 2Tpi+pi−→K+K−(t, s, u)− TK0pi0→K0pi0(s, t, u), (35)
• Kπ→ Kη/Kη→ Kπ scattering:
T I=
1
2
,I3=− 12 (s, t, u) =
√
3TK0pi0→K0η(s, t, u), (36)
• Kη→ Kη scattering:
T I=
1
2
,I3=− 12 (s, t, u) = TK0η→K0η(s, t, u). (37)
In the above formulas cross symmetry is applied. The projection to each partial wave J is done via the following
decomposition:
T I,I3,J =
1
32N
∫ 1
−1
PJ (cos θ)T
I,I3(θ)d(cos θ). (38)
Note that N = 2 is for processes ππ → ππ and ηη → ηη, and N = 1 for other process. We emphasize that the mass
differences of the pseudoscalar mesons are reserved as mentioned before in the final calculation and they reflect the
effects from the isospin symmetry breaking. Taking π+π− → π0π0 as an example, the tree level amplitude of O(p2)
is expressed as
Tpi+pi−→pi0pi0(s, t, u) =
3s−m2
pi+
− 2m2
pi0
3f2pi
, (39)
with the isospin symmetry breaking manifested by the pseudoscalar meson masses. In contrast, in the isospin sym-
metry limit the amplitude has a form of
Tpi+pi−→pi0pi0(s, t, u) =
s−m2pi
f2pi
, (40)
which is equivalent to Eq. (39) by taking mpi± = mpi0 = mpi, i.e. the isospin symmetry limit. For the amplitudes
of O(p4) similar relations also exist. Furthermore, there are additional terms in both the tree and loop amplitudes
that are proportional to the mass differences of the iso-multiplets. For instance, a typical term in the tree amplitudes
manifests itself in the term proportional to Lr7 as follows:
64Lr7
(
m2
k0
−m2
k+
)2
3f4pi
. (41)
In the loop amplitudes, one finds (
m2
k0
−m2
k+
)2
Jηpi+(s)
27f4pi
. (42)
Such terms would vanish in the limit of isospin symmetry.
In brief, we obtain the partial wave amplitudes with the isospin symmetry breaking properly taken into account.
It also confirms the formulation of Ref. [45] in the isospin symmetry limit. In view of the complication of the full
amplitudes, we include all the independent amplitudes in the Appendix for the convenience of readers. In the analytic
calculation of loop diagrams, we have used the Mathematica package FeynClac [46, 47].
8IV. RESULTS AND DISCUSSION
The P -wave π+π− scattering phase shift has been measured in experiment with high precision [49] where the
presence of the ρ0 pole is evident. Unfortunately, the measurements of the phase shifts are only available for the neutral
channel. For the mass splitting question that we focus on in this work, the measured mass difference mρ0 −mρ± =
−0.7±0.8MeV [1] is close to zero, which implies that the phase shift for the P -wave π±π0 channel should yield a similar
result as the neutral channel. Taking into account that the leading EM contribution is absent in the π±π0 channel, it
shows that the combined isospin breaking effects on the ρ meson mass splitting is small. This can eventually provide
a useful strategy for us to fit the chiral parameters and extract the mass difference for the K∗. Moreover, note that
the isospin breaking and EM effects, as subleading contributions, are small corrections arising at O(p4). Therefore,
the low-energy constants Lri determined in Ref. [45] in the isospin symmetry limit should not change dramatically in
comparison with those to be fitted here with the isospin breaking considered.
As a test of this expectation, we first adopt the values of the low energy constants given in Ref. [45] to calculate
the P -wave ππ and Kπ phase shifts but excluding the EM contributions. The results are plotted in Fig. 3 to compare
with the experimental data for the P -wave π+π− scattering [49] and K+π− scattering [48, 52]. The neutral channels
are illustrated by the red solid lines and the charged channels are shown by the blue dashed lines. It shows that
the P -wave π+π− scattering data [49] can be described well by both curves on the left panel. This comparison is
informative and the following points can be learned:
• Since the red curve on the left panel of Fig. 3 do not include the EM contributions, the difference between these
two curves are due to the strong isospin breaking.
• As shown by the measurement of the charged and neutral ρ meson masses, i.e. mρ0−mρ± = −0.7±0.8 MeV [1],
it suggests that the combined isospin breaking effects from the strong and EM sources should be small. This
eventually imposes a constraint on the EM contributions in our treatment. Namely, the inclusion of the EM
contributions should not bring in significant deviations from the measured mass difference between the charged
and neutral ρ mesons.
• This above constraint can be implemented into the calculations for the P -wave Kπ scatterings with which the
combined strong and EM isospin breaking effects can be reliably evaluated.
• Without the inclusion of the EM, there appears a quite significant mass splitting between the charged and
neutral Kπ channels in the phase shifts as shown by the red solid and blue dashed lines on the right panel. Also,
note that there are even more significant discrepancies between these two measurements of the K+π− phase
shift from Refs. [52] and [48] which are denoted by the full dots and full triangles in Fig. 3 (b), respectively.
This actually makes it difficult to accommodate these two sets of data in the overall fit and also indicates the
strong requirement for an update of the Kπ phase shift measurement.
Based on the above observations, we re-fit the π+π− and K+π− phase shifts and take the measured mass difference
mρ0−mρ± = −0.7±0.8 MeV [1] as a constraint on the EM contributions. We then use the fixed low energy constants
to predict the phase shifts of the charged Kπ channel from which the mass splitting between the charged and neutral
K∗ can be extracted.
To proceed, let us recall that the leading EM contributions from Figs. 2 (a) and (b) contains Coulomb divergence. An
empirical treatment is to cut off the forward scattering angle by a cut-off parameter to avoid complicated summation
of higher loop contributions. This is understandable since the pion and kaon are not fundamental particles. In the
small momentum transfer region, i.e. at the forward scattering region with small scattering angles, the size effects of
the hadrons would become non-negligible. Physically, the convolution of the hadron wavefunctions will naturally cut
off the Coulomb divergence, which is equivalent to the summation of higher loop contributions in a renormalization
scheme. We adopt the minimal value of the scattering angle θ as the cut-off parameter for the EM contributions. Its
value is constrained by requiring that the dynamically generated charged and neutral ρ mesons in the ππ scattering
have the difference within the experimental range of mρ0 − mρ± = −0.7 ± 0.8 MeV [1]. This constraint yields
θmin = 30
◦.
In Tab. I we list the fitted low energy constants to compare with those determined in Refs. [24–26, 45]. It shows
that our fitted low energy constants are in good agreement with those fitted by Ref. [45]. With the isospin symmetry
breaking and EM effects considered some of those parameters which are sensitive to certain partial waves in meson-
meson scatterings can be well constrained. Several novel features arising from this study can be learned:
• As shown in Tab. I, the errors of Lr1 ∼ Lr5 are dramatically small in comparison with other studies [26, 45].
This is reasonable and can be examined explicitly by looking at the corresponding terms proportional to the
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FIG. 3: (colored). The curves represent the phase shift using the values of Lri given in Ref. [45]. The red solid line represents
the neutral channel and the blue dashed line represents the charged channel in (a) and (b). The experimental data for pipi is
extracted from Ref. [49] (full dots in (a)) and for Kpi are extracted from Refs. [52] (full dots in (b)) and [48] (full triangle in
(b)).
TABLE I: Low energy constants×103.
Lri cutoff fit[26] isospin limit[45] NNLO fit[24] our fit result
Lr1 0.5 0.56± 0.10 0.64 ± 0.11 0.54± 1.11 × 10
−2
Lr2 1.0 1.21± 0.10 0.59 ± 0.04 1.19± 1.89 × 10
−2
Lr3 −3.25 −2.97± 0.14 −2.80± 0.20 −2.81± 1.64 × 10
−2
Lr4 −0.6 −0.36± 0.17 0.76 ± 0.18 −0.53± 9.41 × 10
−4
Lr5 1.7 1.4± 0.5 0.50 ± 0.07 2.00± 6.26 × 10
−3
Lr6 0.8
* 0.07± 0.08 0.49 ± 0.25 0.07± 4.47 × 10−2
Lr7 0.2 −0.44± 0.15 −0.19± 0.08 −0.43± 0.15
Lr8 - 0.78± 0.18 0.17 ± 0.11 0.78 ± 0.13
Lr9 - - 5.93 ± 0.43
** 3.96 ± 0.45
* This is the value of 2Lr6 + L
r
8 which is considered as one parameter in
Ref. [26].
** The value of Lr9 is given by Ref. [25].
low energy constants. For instance, by comparing the terms proportional to Lr1 in ππ → ππ in the charged and
neutral channel one can see the difference arising from the strong isospin symmetry breaking, i.e.
T I=1,I3=0(s, t, u)Lr
1
= t2 − u2 + 2(m2pi +m2pi+)(u− t) for ρ0, (43)
T I=1,I3=1(s, t, u)Lr
1
= t2 − u2 + 4m2pi+(u− t) for ρ+. (44)
Note that for the same s, apart from the pion mass difference the Mandelstam variables t and u are also different
in these two channels. It shows that without the consideration of the isospin symmetry breaking effects such
discrepancies will be absorbed into the low energy constants and thus result in relatively large errors in the
numerical fitting.
• In contrast, the errors of Lr6,7,8 are compatible with those determined in e.g. Ref. [45] and much larger than
those of Lr1 ∼ Lr5. We note that for π+π− → K+K−, the parameter dependence of the O(p4) amplitude on Lr6,8
is in a correlated form, i.e. 2Lr6+L
r
8. For π
+π0 → π+π0 there is only one term of O(p4) which is proportional to
L7(m
2
pi0 −m2pi+). This means that these three constants are process-dependent. In our fitting procedure we have
only two processes with experimental data to constrain the parameters. The large errors with Lr6,7,8 indicate
the need for more data from other channels.
• Note that Lr9 contributes due to the presence of EM interactions. Its error is correlated with the uncertainty
arising from the cut-off angle θ. In another word, since we have fixed θmin = 30
◦ the uncertainties of the
10
EM contributions will be absorbed by Lr9 in the numerical fitting. This problem can be avoid if independent
measurements of different isospin channels are available.
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FIG. 4: (colored). The phase shifts calculated in our formalism by fitting the experimental data for pi+pi− from Ref. [49] (full
dots in (a)) and for K+pi− from Refs. [52] (full dots in (b)) and [48] (full triangle in (b)). The red solid and blue dashed line
represents the neutral and charged channels, respectively. Note that these two curves in (a) are almost overlapping due to
small differences. The thin blue dashed line in (b) is the prediction for the P -wave K+pi0 channel.
In Fig. 4 we show the phase shifts for the P -wave ππ (left panel) and Kπ (right panel) scatterings. As described
earlier the π+π− and π+π0 channels have an additional constraint from the measured mass difference between the
neutral and charged ρ meson. Thus, the two curves on the left panel can be regarded as the fitting results for the
ππ channel based on our formulation. The red solid line on the right panel denotes the K+π− channel which is
also given by the numerical fitting. With the fitted parameters, we can then make a prediction for the charged Kπ
scattering channel as indicated by the blue dashed line on the right panel (Fig. 4 (b)). The experimental data for
π+π− from Ref. [49] (full dots in (a)) and for K+π− from Refs. [52] (full dots in (b)) and [48] (full triangle in (b))
are also presented.
Taking a closer look at the results presented in Fig. 4, one finds that the isospin breaking effects between ρ0 and
ρ± is rather small and the two phase shifts for the π+π− and π+π0 can hardly be distinguished. This is due to the
constraint of mρ0 −mρ± = −0.7± 0.8 MeV [1]. For the Kπ scattering, the relatively large errors with the data from
Ref. [48] and significant discrepancies between the measurements from [48] and [52] result in quite large reduced χ2,
i.e. χ2/d.o.f = 20.17. However, one sees that the red solid curve in Fig. 4 can well describe the high-precision data
from Ref. [52].
With the fitted parameters and phase shifts, we can then extract the pole masses for these iso-multiplets and the
results are listed in Table II. One notices that the central values extracted from the phase shifts are slightly different
from those provided by PDG. But they are in agreement with each other within the uncertainties. The uncertainties
are given by the errors for the fitted parameters. To illustrate more clearly the uncertainties with the phase shifts, we
plot in Fig. 5 the phase shifts with uncertainty bands around the pole masses for these four channels. The uncertainty
bands are obtained by Monte Carlo sampling. The main procedure contains two steps. First, we use the Monte Carlo
sampling to generate one set of sample points in the parameter space which is constituted by the central values of
those fitted parameters with errors. With this set of sample points, we can calculate the χ2. If χ2 − χ2min < 21.67
(confidence level 99%) [50], we will save this set of sample points. For our calculation 50 sets of sample points are
sufficient. Second, we calculate the phase shift with all sample points at certain energies and save the boundary
values. Then the uncertainty bands can be plotted with all boundary values.
With the error transfer formulas (first-order series approximation)
x+ux−dx − y
+uy
−dy = (x− y)
+
√
u2x+u
2
y
−
√
d2x+d
2
y
, (45)
we finally obtain the mass differences: mK∗0 −mK∗+ = 2.91+1.43−1.41 MeV, which is close to the result of Ref. [22]. As
a self-consistent check of our formalism, we also extract mρ0 −mρ± = 0.050+2.04−1.33 MeV which is consistent with the
experimental value: mρ0 −mρ± = −0.7± 0.8 MeV [1], although the exact sign cannot be determined here.
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FIG. 5: (colored). The phase shifts with uncertainty bands for (a) pi+pi−, (b) pi+pi0, (c) K+pi−, and (d) K+pi0. The black
thin-solid lines represent the center value of the corresponding phase shift.
TABLE II: The pole masses of ρ0, ρ+, K∗,0 and K∗,+ with uncertainties extracted from the phase shifts. The experimental
values from PDG [1] are also listed as a comparison.
Mesons ρ0 ρ+ K∗,0 K∗,+
mass (MeV) 773.76+1.01−1.41 773.71
+0.87
−1.48 893.45
+0.89
−0.81 890.54
+1.10
−1.18
Exp. (MeV) 775.26 ± 0.25 775.11 ± 0.34 895.81 ± 0.19 895.47 ± 0.20 ± 0.74 (via τ decay)
891.66 ± 0.26 (hadroproduced)
V. SUMMARY
In the framework of chiral perturbation theory and the coupled channel inverse amplitude method, we do a full
calculation of the P -wave ππ and Kπ scattering amplitudes up to O(p4) including the strong isospin breaking effects
and EM contributions. With the experimental data for the π+π− and K+π− phase shifts and constraint on the
charged and neutral ρ meson masses, we succeed in re-fitting the low energy constants of the ChPT, which allows us
to extract the mass difference between the neutral and charged K∗ meson, i.e. mK∗0 −mK∗+ = 2.91+1.43−1.41 MeV. This
result favors a relatively large mass splitting between the neutral and charged K∗ and should be useful for clarifying
this long-standing puzzle. Meanwhile, our study also shed some lights on the determination of these low energy
constants. We show that the isospin symmetry breaking can impose more stringent constraints on some of these low
energy constants. This calls for experimental measurements of the phase shifts in charged channels which seem to
have been overlooked in recent experimental efforts. In particular, we would suggest that the large data sample for τ
at BESIII should be able to provide a high-precision measurement of the P -wave K−π0 phase shift.
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Appendix A: Loop integrals
We list below the necessary loop integrals as the supplemental details for the calculations:
Ia = iµ
4−d
∫
ddl
(2π)d
1
l2 −m2a + iǫ
=
m2a
16π2
[
−L+ ln (m
2
a
µ2
)
]
; (A1)
Iaa(p
2) = iµ4−d
∫
ddl
(2π)d
1
(l2 −m2a + iǫ)[(p− l)2 −m2a + iǫ]
=
1
16π2
[
−L+ 1 + ln (m
2
a
µ2
) + Jaa(p
2)
]
, (A2)
where
Jaa(p
2) =


−2 + 2
√
4m2a
p2
− 1 arccot
(√
4m2a
p2
− 1
)
, 0 ≤ p2 < 4m2a ,
−2− σ ln
∣∣∣ 1−σ1+σ ∣∣∣− iπσθ(p2 − 4m2a), otherwise ,
(A3)
and
L =
1
ǫ
− γE + ln 4π + 1, (A4)
σ =
√
1− 4m
2
a
p2
, p2 /∈ [0, 4m2a] ; (A5)
Iab(p
2) = iµ4−d
∫
ddl
(2π)d
1
(l2 −m2a + iǫ)[(p− l)2 −m2b + iǫ]
=
1
16π2
[
−L+ m
2
a
m2a −m2b
ln (
m2a
µ2
)− m
2
b
m2a −m2b
ln (
m2b
µ2
) + Jab(p
2)
]
, (A6)
where
Jab(p
2) = −1−
[
m2a +m
2
b
2(m2a −m2b)
− m
2
a −m2b
2p2
]
ln (
m2a
m2b
)
+


− Λ
p2
arctan
(
Λ
p2−m2a−m2b
)
, (ma −mb)2 < p2 < (ma +mb)2 ,
Λ
p2
ln
∣∣∣p2−m2a−m2b+Λ2mamb
∣∣∣− ipiΛp2 θ(p2 − (ma +mb)2) , otherwise,
(A7)
and
Λ =
√
|[p2 − (ma +mb)2][p2 − (ma −mb)2]| . (A8)
Appendix B: Amplitudes
In this Appendix we collect the analytic expressions of the related meson-meson scattering amplitudes. Since we
consider the explicit isospin symmetry breaking effects and the electromagnetic contributions, we need to calculate
13 independent amplitudes. However, with the SU(3) chiral symmetry, the numbers of independent amplitudes will
reduce to 8. In the following expressions, we use mpi,k,η to represent the masses of the corresponding neutral mesons,
while mpi+,k+ are the masses of the charged ones.
TEMpi+pi−→pi+pi−(s, t, u) = e
2
(
u− s
t
+
u− t
s
)
+
4e2L9
(
3u− 4m2
pi+
)
f2pi
14
−4e
2
(
s2 + t2 + u2 − 4m2
pi+
u
)
f2pist
[
4L4
(
m2pi +m
2
pi+ + 3m
2
k +m
2
k+
)
+4L5
(
m2pi +m
2
pi+
)− 2µpi − µk] ; (B1)
THpi+pi−→pi+pi−(s, t, u) = −
u− 2m2
pi+
f2pi
+
2st+ u
(
u− 4m2
pi+
)− (4m2
pi+
− 3u) (m2k +m2k+ + 4m2pi+)
192π2f4pi
+
8L1
(−8m4
pi+
+ 4um2
pi+
+ s2 + t2
)
f4pi
+
4L2
(
s2 + t2 + 2u2 − 4um2
pi+
)
f4pi
+
4L3
(−8m4
pi+
+ 4um2
pi+
+ s2 + t2
)
f4pi
− 8L5
(
2m4
pi+
− 2m2pim2pi+ + um2pi
)
f4pi
−8L4
[
2m4
pi+
+ um2
pi+
+
(
m2pi +m
2
k −m2k+
) (
u− 2m2
pi+
)]
f4pi
+
64L6m
4
pi+
f4pi
+
32L8m
4
pi+
f4pi
+
2
(−8m2pi − 22m2pi+ + 15u)µpi
15f4pi
+
4 m2
pi+
µpi+
3f4pi
+
(
9u− 16m2
pi+
)
µk
6f4pi
−
(
3u− 8m2
pi+
)
µk+
6f4pi
−
(
u− 2m2
pi+
)
2Jpi+pi+(u)
2f4pi
+
{[
2(t− u)m2k + s
(−2m2
pi+
− s+ u)]Jkk(s)
24f4pi
−
(
2m2pi +m
2
pi+
− 3s) 2Jpipi(s)
18f4pi
−
(
m2k −m2k+
)
2Jpiη(s)
27f4pi
+
[
2(t− u)m2
k+
+ s
(−2m2
pi+
− s+ u)] Jk+k+(s)
24f4pi
−
[
8m4
pi+
− 4tm2
pi+
+ s(s− u)]Jpi+pi+(s)
6f4pi
− m
4
pi+
Jηη(s)
18f4pi
+ [s←→ t]
}
; (B2)
TEMpi+pi−→K+K−(s, t, u) =
e2(u− t)
s
+
4e2L9(u− t)
f2pi
+
e2 (u− t)
f2pis
[−21µpi − 3µk − 3µη
+16L4
(
m2k+ + 3m
2
k +m
2
pi +m
2
pi+
)
+ 8L5
(
m2k+ −m2k + 3m2pi +m2pi+
)]
; (B3)
THpi+pi−→K+K−(s, t, u) =
m2
k+
+m2
pi+
− u
2f2pi
− 1
768π2tf4pi
{
2m6k+ +m
2
pim
4
k+ + 3m
2
ηm
4
k+ − 2m2pi+m4k+
−2tm4k+ − 2m4pi+m2k+ + 8t2m2k+ − 2m2pim2pi+m2k+ − 6m2ηm2pi+m2k+
+8tm2pi+m
2
k+ + 2stm
2
k+ − 6tum2k+ + 2m6pi+ +m2pim4pi+ + 3m2ηm4pi+
+2tm4pi+ − 4st2 − 2tu2 + stm2pi − tum2pi + 3stm2η − 3tum2η
+6t2m2pi+ − 8tum2pi+ + 4m2k
[
m4k+ − 2m2pi+m2k+ +m4pi+ + (s− t)t
]}
+
8L1
(
s− 2m2
k+
) (
s− 2m2
pi+
)
f4pi
+
32L6m
2
k+
m2
pi+
f4pi
+
4L2
[(
m2
k+
+m2
pi+
− t) 2 + (m2
k+
+m2
pi+
− u) 2]
f4pi
+
2L3
[(
m2
k+
+m2
pi+
− t) 2 + (s− 2m2
k+
) (
s− 2m2
pi+
)]
f4pi
+
4L5
[(
2m2pi −m2k
) (
m2
k+
+m2
pi+
− u)− 2m2
k+
m2
pi+
]
f4pi
+
4L4
f4pi
[−m4k+ − 10m2pi+m2k+ + 2sm2k+ + um2k+ −m4pi+ + 2sm2pi+ + um2pi+
+
(
m2k +m
2
pi
) (
m2k+ +m
2
pi+ − u
)]
+
16L8m
2
k+
m2
pi+
f4pi
15
+
1
360t2f4pi
{− [30m4k+ + 30 (t− 2m2pi+)m2k+ + 30m4pi+ + 37t2 − 15tu]m2k
−3m2pi
[−10m4k+ + 10 (2m2pi+ + t)m2k+ − 10m4pi+ + 29t2 − 20tm2pi+ + 5tu]+
t
[−90m4k+ + (60m2pi+ − 818t)m2k+ + 3 (10m4pi+ − 336tm2pi+ + 5t(t+ 65u))]}µpi
+
1
12t2f4pi
{−2m6k+ + 6m2pi+m4k+ + [−6m4pi+ + 2tm2pi+ + t(2t− s)]m2k+
+2m6pi+ − 2tm4pi+ + 3st2 + stm2pi+
}
µpi+
− 1
720t2f4pi
{
180m2ηm
4
k+ − 136t2m2k+ + 90tm2ηm2k+ − 360m2ηm2pi+m2k+
+180m2ηm
4
pi+ − 72t3 + 168st2 + 15t2m2η + 45stm2η − 45tum2η
−136t2m2pi+ − 90tm2ηm2pi+ + 48t2u+ 30m2pi
[
2m4k+ − 2
(
2m2pi+ + t
)
m2k+
+2m4pi+ + t
2 + 4tm2pi+ − tu
]− 40m2k [6m4k+ − (12m2pi+ + t)m2k+
+6m4pi+ − tm2pi+ + 2st− tu
]}
µk
+
1
12t2f4pi
[
2m6k+ − 2
(
3m2pi+ + t
)
m4k+ +
(
6m4pi+ + 2tm
2
pi+ + st
)
m2k+
−2m6pi+ + 3st2 + t(2t− s)m2pi+
]
µk+
+
1
360t2f4pi
{
5
[−18m4k+ − 6 (t− 6m2pi+)m2k+ − 18m4pi+ − 12tm2pi+ + t(t+ 9u)]m2k
+m2η
[
90m4k+ + 90
(
t− 2m2pi+
)
m2k+ + 90m
4
pi+ − 3t(11t+ 15u)
]
+t
[−30m4k+ + 18 (10m2pi+ + 13t)m2k+ − 150m4pi+ + 424tm2pi+ + 45t(t− 7u)]}µη
− 1
144t2f4pi
{[
6m4k+ + 4
(
t− 3m2pi+
)
m2k+ + 6m
4
pi+ − 2tm2pi+ + st− 2tu
]
m4k
−2{3 [2m4k+ − 2 (2m2pi+ + t)m2k+ + 2m4pi+ + st]m2pi
+t
[−6m4k+ + 14tm2k+ + 3 (2m4pi+ − 4tm2pi+ + t2 − tu)]}m2k
+t2
[
14m4k+ − 6
(
7t− 2m2pi+
)
m2k+ + 6m
4
pi+ + 39t
2 − 24tm2pi+ − 3tu
]
−6tm2pi
[
3m4k+ − 2
(
m2pi+ + 3t
)
m2k+ −m4pi+ + 4t2 + 4tm2pi+ − tu
]
+3m4pi
[
2m4k+ − 2
(
2m2pi+ + t
)
m2k+ + 2m
4
pi+ + t
2 + 4tm2pi+ − tu
]}
Jkpi(t)
− 1
432t2f4pi
{[
54m4k+ − 4
(
27m2pi+ + 2t
)
m2k+ + 54m
4
pi+ + 10tm
2
pi+ + 13st− 14tu
]
m4k
+2
{
t
[−18m4k+ + 14tm2k+ + 18m4pi+ − 64tm2pi+ + 9t(t+ 3u)]
−3m2η
[
18m4k+ + 2
(
t− 18m2pi+
)
m2k+ + 18m
4
pi+ − 4tm2pi+ + 5st− 4tu
]}
m2k
+t2
[
14m4k+ + 2
(
9t− 10m2pi+
)
m2k+ + 38m
4
pi+ − 36tm2pi+ + 27t(t− u)
]
+9m4η
[
6m4k+ + 4
(
t− 3m2pi+
)
m2k+ + 6m
4
pi+ − 2tm2pi+ + t(s− 2u)
]
+6tm2η
[−3m4k+ + (18m2pi+ − 22t)m2k+ − 15m4pi+ + 8tm2pi+ + 9tu]}Jkη(t)
− 1
72f4pi
[
4m4pi − 2
(
2m2k+ +m
2
pi+ + 6s
)
m2pi − 2m4pi+ + 9s2 + 6sm2k+
−2m2k+m2pi+ + 3sm2pi+ +m2k
(
4m2pi + 2m
2
pi+ − 6s
)]
Jpipi(s)
−
(
m2k −m2k+
) (
2m2k + 3m
2
pi + 3m
2
η + 6m
2
k+
− 2m2
pi+
− 9s)Jpiη(s)
108f4pi
−
[
2m4
k+
+
(
2m2
pi+
− 3t+ u)m2
k+
+ s
(
m2
pi+
+ s− u)]Jk+k+(s)
12f4pi
− 1
24t2f4pi
{
2m8k+ − 2
(
4m2pi+ + t
)
m6k+ +
(
12m4pi+ + 2tm
2
pi+ + st
)
m4k+
−2 [4m6pi+ − tm4pi+ + (s− 3t)tm2pi+ + st2]m2k+
+
(
t−m2pi+
) [−2m6pi+ + t(2t− s)m2pi+ + t2(t− u)]}Jk+pi+(t)
16
−
(
m2
k+
+m2
pi+
− u) 2Jk+pi+(u)
4f4pi
−
(
2(t− u)m2k + s
(
m2
k+
+m2
pi+
+ s− t)) Jkk(s)
24f4pi
+
m2
pi+
(−2m2k + 6m2η + 2m2k+ + 2m2pi+ − 9s) Jηη(s)
72f4pi
−
[
2m4
pi+
+ (u− 3t)m2
pi+
+ s(s− u) +m2
k+
(
2m2
pi+
+ s
)]
Jpi+pi+(s)
12f4pi
(B4)
TEMK+K−→K+K−(s, t, u) = e
2
(
u− s
t
+
u− t
s
)
+
4e2L9
(
3u− 4m2
k+
)
f2pi
−e
2
(
s2 + t2 + u2 − 4um2
k+
)
f2pist
[
16L4
(
m2k+ + 3m
2
k +m
2
pi +m
2
pi+
)
−16L5
(−m2k+ +m2k − 2m2pi)− 13µpi − 2µk + 3µη] ; (B5)
THK+K−→K+K−(s, t, u) = −
u− 2m2
k+
f2pi
− −2st− u
(
u− 4m2
k+
)
+
(
4m2
k+
− 3u) (m2k + 4m2k+ +m2pi+)
192π2f4pi
+
8L1
(−8m4
k+
+ 4um2
k+
+ s2 + t2
)
f4pi
+
4L2
(
s2 + t2 + 2u2 − 4um2
k+
)
f4pi
+
4L3
(−8m4
k+
+ 4um2
k+
+ s2 + t2
)
f4pi
+
64L6m
4
k+
f4pi
+
32L8m
4
k+
f4pi
−8L4
[
2m4
k+
+ um2
k+
+
(
m2pi −m2pi+ +m2k
) (
u− 2m2
k+
)]
f4pi
+
8L5
(−2m4
k+
+ 2m2k
(
u− 2m2
k+
)− 3m2pi (u− 2m2k+))
f4pi
−
(
28m2k + 33m
2
pi + 15m
2
η + 3012m
2
k+
− 28m2
pi+
− 1530u)µpi
180f4pi
+
(
8m2
k+
− 3u)µpi+
6f4pi
+
4µk+m
2
k+
3f4pi
+
(
8m2
k+
− 3u)µk
6f4pi
−
(−28m2k + 15m2pi + 129m2η − 1764m2k+ + 28m2pi+ + 810u)µη
180f4pi
+
{
−
(−2m2k − 2m2pi + 2m2k+ + 2m2pi+ + 3s) 2Jpipi(s)
288f4pi
+
[−2sm2
k+
+ 2(t− u)m2
pi+
+ s(u − s)]Jpi+pi+(s)
24f4pi
+
[
2(t− u)m2k + s
(−2m2
k+
− s+ u)] Jkk(s)
24f4pi
+
[−8m4
k+
+ 4tm2
k+
+ s(u− s)] Jk+k+(s)
6f4pi
−
(
2m2k + 3m
2
pi + 3m
2
η + 6m
2
k+
− 2m2
pi+
− 9s) 2Jpiη(s)
432f4pi
−
(−2m2k + 6m2η + 2m2k+ + 2m2pi+ − 9s) 2Jηη(s)
288f4pi
+ [s←→ t]
}
−
(
u− 2m2
k+
)
2Jk+k+(u)
2f4pi
; (B6)
THpi+pi0→pi+pi0(s, t, u) =
3t− 2m2pi −m2pi+
3 f2pi
+
1
192π2suf4pi
{−2sm6pi − 2um6pi − sm2k+m4pi − um2k+m4pi
17
+2sum4pi + 2su
2m2pi + 2s
2um2pi − 4stum2pi + su2m2k+ + s2um2k+
−2stum2k+ + su[s(t− 2u) + tu]− 2m6pi+
(
2m2pi + 2m
2
pi+ − t
)
+m4pi+
[
2su+
(
2m2pi −m2k+
) (
2m2pi + 2m
2
pi+ − t
)]
+m2k
[
su
(
2m2pi + 2m
2
pi+ − 3t
)− (m2pi −m2pi+) 2 (2m2pi + 2m2pi+ − t)]
+2m2pi+
{[(
m2pi +m
2
k+
) (
2m2pi + 2m
2
pi+ − t
)− 2su]m2pi + su (2m2pi + 2m2pi+ − 3t)}}
+
8L1
(
t− 2m2pi
) (
t− 2m2
pi+
)
f4pi
+
4L2
[(
m2pi +m
2
pi+
− s) 2 + (m2pi +m2pi+ − u) 2]
f4pi
+
4L3
(
t− 2m2pi
) (
t− 2m2
pi+
)
f4pi
− 8L5
[
2m4pi +
(
2m2
pi+
− 3t)m2pi + 2m4pi+]
3f4pi
+
8L4
3f4pi
[−2m4pi + (2m2k+ − 5m2pi+ + 3t)m2pi − 5m4pi+ − 3tm2k+ +m2k+m2pi+ + 3tm2pi+
+m2k
(−2m2pi −m2pi+ + 3t)]+ 32L6m4pi+f4pi +
64L7
(
m2k −m2k+
)
2
3f4pi
+
L8
(
48m4
pi+
+ 32
(
m2k −m2k+
)
2
)
3f4pi
+
1
45s2u2f4pi
{
30(s− u)2m6pi
−30 [(3s2 + 2us+ 3u2)m2pi+ − stu]m4pi + [30 (3s2 + 2us+ 3u2)m4pi+
+su
(−15s2 + 146us− 15u2)]m2pi − 30(s− u)2m6pi+ − 30stum4pi+
−180s2tu2 + su (15s2 + 34us+ 15u2)m2pi+}µpi
+
1
15s2u2f4pi
{−10 (s2 + u2)m6pi + 10 (3s2 + 4us+ 3u2)m2pi+m4pi
+
[−30 (s2 + u2)m4pi+ − 20stum2pi+ + su (5s2 − 22us+ 5u2)]m2pi
+10
(
s2 − 4us+ u2)m6pi+ + 20stum4pi+ + 30s2tu2 + su (−5s2 + 2us− 5u2)m2pi+}µpi+
− 1
180s2u2f4pi
{
60sum6pi + 30
[
2
(
s2 − us+ u2)m2k+ − su (2m2pi+ + t)]m4pi
+2
{
2su
(−30m4pi+ + 15tm2pi+ + 19su)− 15m2k+ [2 (2s2 + us+ 2u2)m2pi+ − stu]}m2pi
+30su2m4pi+ + 60s
2m2k+m
4
pi+ + 60u
2m2k+m
4
pi+ + 30s
2um4pi+ − 132s2u3
−132s3u2 + 138s2tu2 − 15su3m2k+ + 2s2u2m2k+ + 15stu2m2k+
−15s3um2k+ + 15s2tum2k+ + 152s2u2m2pi+ + 30su2m2k+m2pi+ + 30s2um2k+m2pi+
−m2k
{
60
(
s2 − us+ u2)m4pi − 30 [4 (s2 + u2)m2pi+ − stu]m2pi + 60 (s2 + us+ u2)m4pi+
−30stum2pi+ + su
(−15s2 + (15t+ 2u)s+ 15(t− u)u)}}µk
+
1
180s2u2f4pi
{−60sum6pi + 30 [2 (s2 − us+ u2)m2k+ + su (2m2pi+ + t)]m4pi
−2{15 [2 (2s2 + us+ 2u2)m2pi+ − stu]m2k+ + 2su (−30m4pi+ + 15tm2pi+ + 19su)}m2pi
−30su2m4pi+ + 60s2m2k+m4pi+ + 60u2m2k+m4pi+ − 30s2um4pi+ + 12s2u3
+12s3u2 + 102s2tu2 − 15su3m2k+ + 2s2u2m2k+ + 15stu2m2k+
−15s3um2k+ + 15s2tum2k+ − 32s2u2m2pi+ + 30su2m2k+m2pi+ + 30s2um2k+m2pi+
+m2k
{−60 (s2 − us+ u2)m4pi + 30 [4 (s2 + u2)m2pi+ − stu]m2pi − 60 (s2 + us+ u2)m4pi+
+30stum2pi+ + su
[
15s2 − (15t+ 2u)s+ 15u(u− t)]}}µk+
+
m2
pi+
(
2m2pi +m
2
pi+
− 3t)Jpipi(t)
6f4pi
+
t
(
2m2pi +m
2
pi+
− 3t) Jpi+pi+(t)
6f4pi
− t
(
2m2k − 2m2pi − 2m2k+ + 2m2pi+ + 3t
)
Jkk(t)
48f4pi
−
(
m2k −m2k+
)
2Jpiη(t)
9f4pi
− t
(−2m2k − 2m2pi + 2m2k+ + 2m2pi+ + 3t)Jk+k+(t)
48f4pi
− m
4
pi+
Jηη(t)
18f4pi
18
−
{
1
72s2f4pi
{
2
[
6m4pi − 2
(
6m2pi+ + s
)
m2pi + 6m
4
pi+ + 4sm
2
pi+ + s(t− 2u)
]
m4k
−2{3 (4m2k+ + s)m4pi − 2 [2 (6m2pi+ + s)m2k+ + 3sm2pi+]m2pi
+3s
(
m4pi+ + st− su
)
+ 2m2k+
(
6m4pi+ + 4sm
2
pi+ + st− 2su
)}
m2k + s
2m4k+
+3stm4k+ − 3sum4k+ + 12m4k+m4pi+ + 3s2m4pi+ − 6sm2k+m4pi+ − 6s2tm2k+
+6s2um2k+ + 6sm
4
k+m
2
pi+ + 3s
3t− 3s3u+ 3m4pi
(
4m4k+ − 2sm2k+ + s2
)
−6m2pi
[(
4m2pi+ + s
)
m4k+ − 2sm2pi+m2k+ + s2m2pi+
]}
Jkk+(s)
− 1
18s2f4pi
{−6m8pi + 6 (4m2pi+ + s)m6pi + [s(3u− 5s)− 36m4pi+]m4pi
−2 [−12m6pi+ + 9sm4pi+ + s(3u− 11s)m2pi+ + 3s2u]m2pi − 6m8pi+
+12sm6pi+ + s(3u− 11s)m4pi+ + 6s2(s− u)m2pi+ + 3s3(u− s)
}
Jpipi+(s)
+
(
m2k −m2k+
)
2Jηpi+(s)
27f4pi
+ [s←→ u]
}
; (B7)
TH
pi+pi0→K+K¯0(s, t, u) =
m2
k+
−m2k − 3t+ 3u
6
√
2f2pi
+
1
768
√
2π2stuf4pi
{
2
[
t(s+ 2u)m2pi − s(t− 2u)m2k+
−2um2pi+
(
m2k +m
2
pi +m
2
k+ +m
2
pi+ − u
)]
m4k +
{
t(s+ 8u)m4pi
+3s
[
tm2η + (t− u)m2k+ + u
(
m2pi+ − 2t
)]
m2pi − 2(s+ 4t)um4pi+
+3su
(
2t−m2η
)
m2pi+ + s
[
2(u− 2t)m4k+ + 3(u− t)m2ηm2k+
+2tu
(
m2k +m
2
pi +m
2
k+ +m
2
pi+ + 2t− 5u
)]}
m2k
+2
[
s(u − t)m2pi + t(s+ 4u)m2k+
]
m4pi+ +m
2
pi+
[
4t
(
m2k +m
2
pi +m
2
k+ +m
2
pi+ − t
)
m4k+
−3st (m2pi −m2η + 2u)m2k+ + s(t− u) (−m4pi − 3m2ηm2pi + 10tu)]
+u
{−2(s+ 2t)m2pim4k+ − [(s+ 8t)m4pi + 3s (m2η − 2t)m2pi + 2st (m2k +m2pi
+m2k+ +m
2
pi+ − 5t+ 2u
)]
m2k+ + 3st(u− t)
(−3m2pi −m2η + 2s)}}
+
√
2L3
[(
m2pi +m
2
k+
− u) (m2k +m2pi+ − u)− (m2k +m2pi − t) (m2k+ +m2pi+ − t)]
f4pi
−2
√
2L4
(
m2k −m2k+ + 3t− 3u
) (
m2k +m
2
pi −m2k+ −m2pi+
)
3f4pi
+
√
2L5
3f4pi
[
m4k +
(−8m2pi − 5m2k+ + 2m2pi+ + 9t− 3u)m2k
+m2pi
(
5m2k+ − 12t+ 12u
)
+m2k+
(−2m2k+ − 5m2pi+ + 3s)]
−16
√
2L7
(
m2k −m2k+
) (
m2k +m
2
k+
+m2
pi+
)
3f4pi
− 8
√
2L8
(
m2k −m2k+
) (
m2k +m
2
k+
+m2
pi+
)
3f4pi
+
1
240
√
2s2t2u2f4pi
{
5s2u
[
4um2k+ − 4um2pi+ + t
(
m2k +m
2
pi +m
2
k+ +m
2
pi+ − 6t
)]
m4k
+
{−20t2 (s2 + 8u2)m4pi + 5{8s2 (t2 − u2)m2k+ + u [8 (s2 + 8t2)um2pi+
+st
(
s2 + 7ts+ 3us+ 40tu
)]}
m2pi + t
{−20s2tm4k+ + 10s2(t− u)um2k+
+u
[−160tum4pi+ + 5s (s2 + 7ts+ 11us+ 8tu)m2pi+
+s2
(−5s2 + 5t2 − 5u2 + 136tu)]}}m2k + 10m4pi {[2 (t2 − u2)m2pi+
+t(t− u)u]s2 + 2 (s2 + 8t2)u2m2k+}− 5tm2pi {[8t (s2 + 8u2)m2pi+
+su
(
s2 + 3ts+ 7us+ 40tu
)]
m2k+ + 2s(t− u)u
(−s2 +m2pi+s+ 4tu)}
+t
{−5s2 [u (m2k +m2pi +m2k+ +m2pi+ − 6u)− 4tm2pi+]m4k+
−u [−160tum4pi+ + 5s (s2 + 11ts+ 7us+ 8tu)m2pi+
+s2
(−5s2 − 5t2 + 5u2 + 136tu)]m2k+
19
+20s(t− u)u (−sm4pi+ + 2tum2pi+ + 39stu)}}µpi
+
1
180
√
2s2t2u2f4pi
{−2s2t2 (−15m2pi + 15m2k+ + 7u)m4k
+
{
120t2u2m4pi + 2
[
15s2(t− u)m4pi+ − 30t2
(
s2 + 4u2
)
m2pi+ + st
2(8s− 15u)u]m2pi
+30s2u2m4k+ + s
2m2k+
[
60
(
t2 − u2)m2pi+ + tu(t+ 30u)]
+u
[
30
(
s2 + 4t2
)
um4pi+ + st(31st− 150ut− 15su)m2pi+
−s2t2(31s+ 16t)]}m2k − 30m4pi [s2(u − t)m4pi+ + 4t2u2m2k+]
+t
{
45s2u2m4k+ −
[
30t
(
s2 + 4u2
)
m4pi+ − 15stu(s+ 10u)m2pi+
+s2u2(31t+ 15u)
]
m2k+ + 15s(t− u)u
[
sm4pi+ +
(
s2 − 2tu)m2pi+
−7stu]} − 15m2pi
{
2s2u2m4k+ −
[
2s2(t− u)m4pi+ + 4
(
s2 + 4t2
)
u2m2pi+
+st(s+ 2t)u2
]
m2k+ + 2s(t− u)
(−sm6pi+ + s2m4pi+ − t2u2)}}µpi+
+
1
120
√
2s2t2u2f4pi
{
10st2um6k − 10
{
t2
(
2s2 − us+ 4u2)m2pi
−s [ut2 + 2s (t2 − 2u2)]m2k+ − u [(4us2 + t2s+ 4t2u)m2pi+ − st3]}m4k
+
{
5
{
2
(
5s2 + 8t2
)
u2m2k+ + s
[
2s
(
4t2 − 5u2)m2pi+ + tu(2st+ 4ut− su)]}m2pi
+2
{
5s2u2
(
3m2k+ − 3m2pi+ + t
)
m2η + t
{−10{2t (s2 + 2u2)m2pi+
+su[s(t− 2u) + tu]}m2k+ − su
{
5(u− 2t)s2
+
(−5t2 + ut− 5u2) s+ 5[2tu+ s(t+ 4u)]m2pi+
+5t(t− u)u}}}}m2k + 10s2u2m4pi
(−m2k+ +m2pi+ + t)
+m2pi
{
t
{−40tu2m4k+ − 5s(s+ 4t)u2m2k+ + s2 [−20tm4pi+ − 10(t− u)um2pi+
+(19t− 5u)u2]}− 5s2u2m2η (6m2k+ − 6m2pi+ + t)}
+t
{
5s2u2m2η
(
2m2k+ −m2pi+ + s− 2u
)− 2{5u2 [s(3s− t)− 4tm2pi+]m4k+
−s [10stm4pi+ + 10u(st+ ut+ 2su)m2pi+ + u2 (5s2 − 4ts
+5us+ 5t2 − 5tu)]m2k+ + s2u{5um4pi+
+
[
5t2 − 3ut+ 5u2 + 5s(2t+ u)]m2pi+ + 15tu(u− t)}}}}µk
− 1
360
√
2s2t2u2f4pi
{
30t2u
[−4um2pi + 4um2pi+ + s(u− 3s)]m4k
+
{−30s2t2m4pi − 15t2 [6s2m2η − 2 (5s2 + 8u2)m2k+ + su(s+ 4u)]m2pi
+2
{
15s
(−4st2 + u2t+ 2su2)m4k+ − 30u [2 (s2 + 2t2)um2pi+
+st(−2st+ ut+ su)]m2k+ + 15s2t2m2η
(
3m2k+ + u
)
+su
{
30sum4pi+ + 30t[tu+ s(2t+ u)]m
2
pi+
+t2
[
15s2 + (15t+ 28u)s+ 15u(u− t)]}}}m2k
+30s2t2m4pi
(
m2pi+ + u
)− 3m2pi {10 (2s2 − ts+ 4t2)u2m4k+
+5s
[
2s
(
5t2 − 4u2)m2pi+ + tu(st− 4ut− 2su)]m2k+
+5s2t2m2η
(
u− 6m2pi+
)
+ s2u
[
20um4pi+ − 10t(t− u)m2pi+ + t2(5t− 19u)
]}
+t
{
15s2tm2η
[
2
(
u− 3m2pi+
)
m2k+ + u
(−m2pi+ + s− 2t)]
−2{−15su2m6k+ − 15 [(4ts2 + u2s+ 4tu2)m2pi+ − su3]m4k+
+su
{
15(t− 2u)s2 + (−15t2 + 43ut− 15u2) s
+15[2tu+ s(4t+ u)]m2pi+ + 15tu(u− t)
}
m2k+
+3s2u
{
5tm4pi+ +
[
5t2 − 3ut+ 5u2 + 5s(t+ 2u)]m2pi+ + 25tu(u− t)}}}}µk+
− 1
240
√
2t2u2f4pi
{
5tum6k − 5u
{
2
[
(t− 6u)m2pi+ + (2s− 3t)t
]
−(t− 12u)m2k+
}
m4k +
{−5tum4pi − 10{−6t2m2η + 6 (t2 − u2)m2k+
20
+u
[
2(t+ 3u)m2pi+ + t(s+ 2t)
]}
m2pi + 5t(12t− u)m4k+
+10
[
t(t− u)u− 6 (t2 − u2)m2η]m2k+ + u{−15tm4pi+
−10 [6um2η + t(t− 5u)]m2pi+ + 3t (5s2 − 5t2 + 5u2 + 16tu)}}m2k
−30m2η
{[
2u2m2k+ + 2
(
t2 − u2)m2pi+ + tu(u− t)]m2pi + t{[u(u− t)− 2tm2k+]m2pi+
+s(t− u)u}}+ t{−5um6k+ + 10 [(u− 6t)m2pi+ + (2s− 3u)u]m4k+
+
{
5um4pi + 10
[
2(3t+ u)m2pi+ + u(s+ 2u)
]
m2pi + u
[
15m4pi+ + 10(u− 5t)m2pi+
−3 (5s2 + 5t2 − 5u2 + 16tu)]}m2k+
+20(t− u)u (m4pi+ + 4m2pim2pi+ + 12tu)}}µη
− 1
144
√
2t2f4pi
{−3 (2m2k+ − 2m2pi+ + t)m6k + [9 (2m2pi + t)m2k+
−6 (3m2pi + 4t)m2pi+ + t(23t+ 3u)]m4k + {9 (−2m2k+ + 2m2pi+ + t)m4pi
+2t
(
3m2k+ + 12m
2
pi+ − 7t− 3u
)
m2pi + t
[−6m4k+ + 4 (3m2pi+ + 5t)m2k+
−6m4pi+ − 51t2 + 26tm2pi+ − 6tu
]}
m2k + 3tm
4
pi
(−5m2k+ + 5t+ u)
−6m6pi
(−m2k+ +m2pi+ + t)+ 2tm2pi {3m4k+ + (t− 6m2pi+)m2k+ + 3 [m4pi+ + (s− 2t)t]}
+t2
{−10m4k+ + (4m2pi+ + 9t)m2k+ + 3 [2m4pi+ − 8tm2pi+ + t(5t+ u)]}}Jkpi(t)
+
1
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√
2t2f4pi
{
18
(
6m2k+ − 6m2pi+ + t
)
m6k + 6
[
6
(−3m2k+ + 3m2pi+ + t)m2pi
−12m2η
(
3m2k+ − 3m2pi+ + t
)
+ t
(−15m2k+ + 12m2pi+ + t− 9u)]m4k
+
{
36
(
3m2k+ − 3m2pi+ + t
)
m4η − 3t
(
24m2k+ − 21m2pi+ + 5t− 36u
)
m2η
+2t
[
18m4k+ + 4
(
7t− 9m2pi+
)
m2k+ + 18m
4
pi+ − 58tm2pi+ + 9t(t+ 6u)
]
−12m2pi
[
3
(−6m2k+ + 6m2pi+ + t)m2η + t (−3m2k+ − 3m2pi+ + 11t)]}m2k
+2t2
[−2m4k+ + 3 (−4m2pi − 4m2pi+ + 9t)m2k+ + 14m4pi+ + (24m2pi − 36t)m2pi+
+27t(t− u)]− 3tm2η
[
12m4k+ + 33
(
t−m2pi+
)
m2k+ + 3m
4
pi+ + 15t
2
+9sm2pi+ − 26tm2pi+ + 9um2pi+ + 15st− 21tu
−3m2pi
(
8m2k+ − 13m2pi+ + 9t
)]
+18m4η
[
t
(
2m2k+ −m2pi+ + s− 2u
)−m2pi (6m2k+ − 6m2pi+ + t)]} Jkη(t)
+
1
24
√
2s2f4pi
{
4
(
m2pi −m2pi+
)
m6k +
[− (12m2k+ + s)m2pi + 3sm2pi+ − 2su
+4m2k+
(
3m2pi+ + s
)]
m4k +
[−4 (3m2pi+ + s)m4k+ + 2s(u− t)m2k+
−m2pi
(
s2 − 12m4k+
)
+ s2
(
3m2pi+ − 3t+ u
)]
m2k + s
3(t− u)
+sm4k+
(
m2pi − 3m2pi+ + 2t
)
+ s2m2k+
(
m2pi − 3m2pi+ − t+ 3u
)
−4m6k+
(
m2pi −m2pi+
)}
Jkk+(s)
+
1
24
√
2u2f4pi
{−2 (−m2pi +m2k+ + u)m6k + [−2 (3m2pi+ + u)m2pi
+u
(
3m2pi+ − s+ 5u
)
+m2k+
(
6m2pi+ + u
)]
m4k +
[
6m2pim
4
pi+
+u
(
2m2pi + 2s− 7u
)
m2pi+ + u
2(u− 2t) + 2m2k+
(
u2 − 3m4pi+
)]
m2k
+
(
u−m2pi+
) [(
u− 2m2k+
)
m4pi+ + u
(−m2k+ + s− 3u)m2pi+
+(t− 4u)u2 +m2pi
(
2m4pi+ + 2um
2
pi+ + u
2
)]}
Jkpi+(u)
+
1
288
√
2u2f4pi
{−6 (2m2pi+ + u)m6pi + 6 [(6m2pi+ + 4u)m2k+
+u
(
m2pi+ − s+ 6u
)]
m4pi +
{
3
(
u− 12m2pi+
)
m4k+
+u
(
51m2pi+ − 12t− 23u
)
m2k+ + 3u
[
4m4pi+ + 3um
2
pi+
−4u(t+ 2u)]}m2pi − 3um6k+ + 18u4 + 36u2m4k+
21
−3sum4k+ + 3tum4k+ + 9u2m4pi+ − 9um2k+m4pi+ − 12su3
−6tu3 − 83u3m2k+ + 7su2m2k+ − 5tu2m2k+ + 12m6k+m2pi+
−42um4k+m2pi+ − 33u3m2pi+ + 3su2m2pi+ + 3tu2m2pi+
+39u2m2k+m
2
pi+ − 3sum2k+m2pi+ − 3tum2k+m2pi+
−4um4k
(−3m2pi + 3m2k+ + 5u)+m2k [12m6pi − 12 (3m2k+ + 2u)m4pi
+4
(
9m4k+ + 3um
2
k+ + 4u
2 − 6um2pi+
)
m2pi − 12m6k+ + 21um4k+
+5u2
(
m2pi+ + 6u
)
+ 3um2k+
(
9m2pi+ + 11u
)]}
Jpik+(u)
+
1
36
√
2s2f4pi
{−12m2k+m6pi + 3 [(12m2pi+ + 5s)m2k+ + s(t− u)]m4pi
−2 [(18m4pi+ + 7s2)m2k+ + 3s(t− u) (m2pi+ + s)]m2pi + 12m2k+m6pi+
−15sm2k+m4pi+ + 3stm4pi+ − 3sum4pi+ + 3s3m2k+ + 8s2m2k+m2pi+
−6s2tm2pi+ + 6s2um2pi+ + 3s3t− 3s3u
+m2k
[
12m6pi − 3
(
12m2pi+ + 5s
)
m4pi + 2
(
18m4pi+ + 7s
2
)
m2pi
−12m6pi+ + 15sm4pi+ − 3s3 − 8s2m2pi+
]}
Jpipi+(s)
− 1
864
√
2u2f4pi
{−108m2pi+m6k+ − 9um6k+ + 84u2m4k+ + 9um2pim4k+
+108m2pim
2
pi+m
4
k+ + 18um
2
pi+m
4
k+ + 27sum
4
k+ − 27tum4k+
+9um4pi+m
2
k+ − 33u3m2k+ − 51su2m2k+ + 57tu2m2k+
−81u2m2pim2k+ − 59u2m2pi+m2k+ + 9um2pim2pi+m2k+
+27sum2pi+m
2
k+ + 27tum
2
pi+m
2
k+ + 54u
4 + 7u2m4pi+
−54tu3 − 51u3m2pi+ + 21su2m2pi+ + 21tu2m2pi+ + 27u2m2pim2pi+
+um4k
(−36m2η + 63m2k+ − 7u)+ 18m4η [− (u− 6m2pi+)m2pi
+2m2k+
(
u− 3m2pi+
)
+ u
(−m2pi+ + s− 2t)]
+m2k
{
108m6k+ − 90um4k+ + 77u2m2k+ − 72um2pi+m2k+
−27sum2k+ − 27tum2k+ + 57u3 + 3su2 + 3tu2
−48u2m2pi+ + 36m4η
(
3m2k+ + u
)− 9m2pi [12m4η
−8 (3m2k+ + u)m2η + 12m4k+ + 3u2 − 7um2k+]
−72m2η
(
3m4k+ + um
2
k+ + 2u
2 − um2pi+
)}
+12m2η
{−6 (u− 3m2pi+)m4k+ + u (3m2pi+ + 9t− 5u)m2k+
+u
(−3m4pi+ + 5um2pi+ + 9tu)
+3m2pi
[
u
(
u− 4m2pi+
)−m2k+ (6m2pi+ + u)]}}Jηk+(u)
−
(
m2k −m2k+
) (
4m2k + 3m
2
η + 4m
2
k+
+m2
pi+
− 9s)Jηpi+(s)
54
√
2f4pi
+
1
24
√
2t2f4pi
{
2
(
m2k + t
)
m6k+ +
[
t
(−3m2pi+ + s− 5t)
−m2k
(
6m2pi+ + t
)]
m4k+ −
{
2
(
t2 − 3m4pi+
)
m2k
+t
[
(2s− 7t)m2pi+ + t(t− 2u)
]}
m2k+
+
(
t−m2pi+
) [− (t− 2m2k)m4pi+ + t (m2k − s+ 3t)m2pi+
+t2(4t− u)]−m2pi [2m6k+ − 2 (3m2pi+ + t)m4k+
+2m2pi+
(
3m2pi+ + t
)
m2k+ − 2m6pi+ + t3 + t2m2pi+
]}
Jk+pi+(t) ; (B8)
THK0pi+→K0pi+(s, t, u) =
m2k +m
2
pi+
− u
2f2pi
− 1
768π2sf4pi
{
2m6k +
(
m2pi + 3m
2
η + 4m
2
k+ − 2m2pi+ + 2s
)
m4k
−2 [m4pi+ + (m2pi + 3m2η + 4m2k+ − 6s)m2pi+ + s(4u− 3s)]m2k + 2m6pi+
22
+3m2ηm
4
pi+ + 4m
2
k+m
4
pi+ + 2sm
4
pi+ − 2su2 + 3stm2η − 3sum2η
−4s2m2k+ + 4stm2k+ + 6s2m2pi+ − 8sum2pi+ − 4s2t
+m2pi
[
m4pi+ + s(t− u)
]}
+
8L1
(
t− 2m2k
) (
t− 2m2
pi+
)
f4pi
+
4L2
((
m2k +m
2
pi+
− s) 2 + (m2k +m2pi+ − u) 2)
f4pi
+
32L6m
2
km
2
pi+
f4pi
+
2L3
(−3m4k + 2 (u−m2pi+)m2k − 3m4pi+ + s2 + t2 + 2um2pi+)
f4pi
+
4L5
(−m4k + (2m2pi − 3m2pi+ + u)m2k + 2m2pi (m2pi+ − u))
f4pi
+
16L8m
2
km
2
pi+
f4pi
+
4L4
f4pi
[−m4k + (m2pi −m2k+ − 10m2pi+ + s+ 3t)m2k −m4pi+
+um2k+ −m2k+m2pi+ + 2tm2pi+ + um2pi+ +m2pi
(
m2pi+ − u
)]
− 1
720s2f4pi
{60 (−m2pi +m2k+ + 3s)m4k + 2 [12 (5m2pi+ + 17s)m2pi
+s
(
92s− 15m2pi+
)
+ 15m2k+
(
s− 4m2pi+
)]
m2k + 60m
2
k+m
4
pi+
+30sm4pi+ + 696s
3 + 89s2m2k+ + 15stm
2
k+ − 15sum2k+
+519s2m2pi+ − 30sm2k+m2pi+ − 45stm2pi+ − 45sum2pi+
+726s2t− 1224s2u− 6m2pi
(
10m4pi+ − 38sm2pi+ + 29st+ 24su
)}
µpi
+
1
12s2f4pi
{−2m6k + 6m2pi+m4k + [−6m4pi+ + 2sm2pi+ + s(2s− t)]m2k
+2m6pi+ − 2sm4pi+ + stm2pi+ + 3s2t
}
µpi+
+
1
12s2f4pi
{
2m6k − 2
(
3m2pi+ + s
)
m4k +
[
6m4pi+ + 2sm
2
pi+ + s(t− 8s)
]
m2k
−2m6pi+ − s(6s+ t)m2pi+ + s2(3t+ 8u)
}
µk
− 1
720s2f4pi
{
60
(
m2pi + 3m
2
η − 4m2k+
)
m4k − 2
[
30
(
2m2pi+ + s
)
m2pi
−45m2η
(
s− 4m2pi+
)
+ 4
(
47s2 − 60m2k+m2pi+
)]
m2k
+180m2ηm
4
pi+ − 240m2k+m4pi+ − 192s3 + 15s2m2η + 45stm2η
−45sum2η + 20s2m2k+ − 60stm2k+ + 60sum2k+ − 376s2m2pi+
−90sm2ηm2pi+ + 48s2t+ 408s2u+ 30m2pi
[
2m4pi+ + 4sm
2
pi+ + s(s− u)
]}
µk+
− 1
720s2f4pi
{60 (−3m2η + 3m2k+ + s)m4k − 6 [15 (s− 4m2pi+)m2η
+5m2k+
(
12m2pi+ + s
)
+ 3s
(
25m2pi+ + 12s
)]
m2k + 180m
2
k+m
4
pi+
+210sm4pi+ − 216s3 + 35s2m2k+ + 45stm2k+ − 45sum2k+ − 551s2m2pi+
+30sm2k+m
2
pi+ + 45stm
2
pi+ + 45sum
2
pi+ − 126s2t+ 504s2u
+3m2η
{−60m4pi+ + 30sm2pi+ + s[7s+ 15(u− t)]}}µη
+
(
2m2pi +m
2
pi+
− 3t) (2m2k − 2m2pi − 2m2k+ + 2m2pi+ + 3t) Jpipi(t)
72f4pi
+
[−tm2k + t(u− t) +m2pi+ (4m2k + 4m2pi+ − 3t− 4u)] Jpi+pi+(t)
12f4pi
−
[−4m4k + (−4m2pi+ + 3t+ 4u)m2k + t (m2pi+ + t− u)] Jkk(t)
12f4pi
−
[
tm2k + 2(s− u)m2k+ + t
(
m2
pi+
− s+ t)]Jk+k+(t)
24f4pi
23
+
m2
pi+
(
2m2k + 6m
2
η − 2m2k+ + 2m2pi+ − 9t
)
Jηη(t)
72f4pi
+
(
m2k −m2k+
) (
6m2k + 3m
2
pi + 3m
2
η + 2m
2
k+
− 2m2
pi+
− 9t)Jpiη(t)
108f4pi
− 1
24s2f4pi
{
2m8k − 2
(
4m2pi+ + s
)
m6k +
(
12m4pi+ + 2sm
2
pi+ + st
)
m4k
−2 [4m6pi+ − sm4pi+ + s(t− 3s)m2pi+ + s2t]m2k + (s−m2pi+) [−2m6pi+
+s(2s− t)m2pi+ + s2(s− u)
]}
Jkpi+(s)−
(
m2k +m
2
pi+
− u) 2Jkpi+(u)
4f4pi
− 1
288s2f4pi
{
54s4 − 15m2k+s3 + 9m2pi+s3 − 24ts3 − 30us3 +m4k+s2
−6m4pi+s2 − 3tm2k+s2 + 9um2k+s2 + 45m2k+m2pi+s2 + 9tm2pi+s2
+9um2pi+s
2 + 3tm4k+s− 3um4k+s− 6m2k+m4pi+s− 6m4k+m2pi+s
−9tm2k+m2pi+s− 9um2k+m2pi+s+ 12m4k+m4pi+ + 4m4k
[
3m4pi
−3 (2m2k+ + 3s)m2pi + 3m4k+ + 7s2 + 6s]+ 6m4pi [2m4pi+
+4sm2pi+ + s(s− u)
]
+ 12m2pi
[
s
(
m4pi+ − 12sm2pi+ + 4st+ 5su
)
−m2k+
(
2m4pi+ + st
)]− 2m2k {6 (2m2pi+ + s)m4pi + 12 [s (s−m2pi+)
−m2k+
(
2m2pi+ + s
)]
m2pi + sm
2
k+
(
25s− 9m2pi+
)
−3m4k+
(
s− 4m2pi+
)
+ 3s2
(
6s−m2pi+
)}}
Jpik+(s)
− 1
864s2f4pi
{
54s4 − 15m2k+s3 − 51m2pi+s3 − 54us3 +m4k+s2
+34m4pi+s
2 − 51tm2k+s2 + 57um2k+s2 − 127m2k+m2pi+s2
+21tm2pi+s
2 + 21um2pi+s
2 + 27tm4k+s− 27um4k+s
+18m2k+m
4
pi+s+ 18m
4
k+m
2
pi+s+ 27tm
2
k+m
2
pi+s
+27um2k+m
2
pi+s+ 108m
4
k+m
4
pi+ + 4m
4
k
[
27m4η
−9 (6m2k+ + s)m2η + 27m4k+ + 7s2 − 18sm2k+]
+18m4η
[
6m4pi+ − 2sm2pi+ + s(t− 2u)
]
+12m2η
[(−18m4pi+ + 4sm2pi+ − 5st+ 4su)m2k+
+s
(−15m4pi+ + 8sm2pi+ + 9su)]
+2m2k
{
36
(
s− 3m2pi+
)
m4η − 12
[(
s− 18m2pi+
)
m2k+
+s
(
11s− 9m2pi+
)]
m2η + s
2
(
18s− 41m2pi+
)
+sm2k+
(
79s− 27m2pi+
)− 9m4k+ (12m2pi+ + s)}} Jηk+(s) ; (B9)
THK+pi0→K+pi0(s, t, u) =
−2m2k − 2m2pi + 2m2k+ + 2m2pi+ + 3t
12f2pi
+
1
1536π2suf4pi
{− (2m2pi + 2m2k+ − t)m6pi
+
[
4su+
(−2m2pi − 2m2k+ + t) (3m2η + 2m2k+ + 2m2pi+)]m4pi
+
{[(
2m2pi + 2m
2
k+ − t
) (
6m2η + 7m
2
k+ + 4m
2
pi+
)− 8su]m2k+
+su
(
2m2pi + 2m
2
k+ − 3t
)}
m2pi − 4sm6k+ − 4um6k+
−3sm2ηm4k+ − 3um2ηm4k+ + 4sum4k+ + 3su2m2η + 3s2um2η
−6stum2η + 4su2m2k+ + 4s2um2k+ − 8stum2k+
+2
[
su
(
2m2pi + 2m
2
k+ − 3t
)−m4k+ (2m2pi + 2m2k+ − t)]m2pi+
+2su[s(t− 2u) + tu] + 2m2k
[
su
(
2m2pi + 2m
2
k+ − 3t
)
− (m2pi −m2k+) 2 (2m2pi + 2m2k+ − t)]}+ 32L6m2k+m2pi+f4pi
24
+
8L1
(
t− 2m2pi
) (
t− 2m2
k+
)
f4pi
+
4L2
((
m2pi +m
2
k+
− s) 2 + (m2pi +m2k+ − u) 2)
f4pi
+
L3
(−2m4pi − 2 (t− 2m2k+)m2pi − 2m4k+ + s2 + 2t2 + u2 − 2tm2k+)
f4pi
+
1
3f4pi
2L4
[−2m4k + (−4m2pi + 4m2k+ + 4m2pi+ + 3t)m2k − 2m4pi − 2m4k+
−2m4pi+ + 9tm2k+ − 28m2k+m2pi+ + 9tm2pi+
+m2pi
(−20m2k+ + 4m2pi+ + 3t)]+ 32L7
(
m2k −m2k+
) (
m2k − 3m2k+ −m2pi+
)
3f4pi
+
16L8
(
m4k −
(
4m2
k+
+m2
pi+
)
m2k + 3m
4
k+
+ 4m2
k+
m2
pi+
)
3f4pi
−2L5
3f4pi
[
4m4pi +
(
2m2k+ − 4m2pi+ − 6t
)
m2pi
+6m2k
(
t−m2k+
)
+m2k+
(
6m2k+ + 10m
2
pi+ − 3t
)]
+
1
720s2u2f4pi
{
30(s− u)2m6pi − 30
[(
3s2 + 8us+ 3u2
)
m2k+
−su (t− 4m2pi+)]m4pi + [90(s− u)2m4k+
+30su
(
3t− 4m2pi+
)
m2k+ + su
(−15s2 + 2us
−15u2 + 60tm2pi+
)]
m2pi − 30s2m6k+ − 30u2m6k+
+120su2m4k+ + 120s
2um4k+ + 402s
2u3 + 402s3u2
−768s2tu2 + 15su3m2k+ − 1670s2u2m2k+ + 15s3um2k+
−896s2u2m2pi+ + 60su2m2k+m2pi+ + 60s2um2k+m2pi+
+4sum2k
(
30m4pi − 15tm2pi − 30m4k+ + 15tm2k+ + 194su
)}
µpi
+
1
720s2u2f4pi
{−60sum6pi + 30 [−2sum2k+ + 2 (s2 + 3us+ u2)m2pi+
+su(3s+ t+ 3u)]m4pi − 2
{
su
(
45tm2pi+ + 152su
)
−15m2k+
[(−4s2 + 6us− 4u2)m2pi+ + 3su(s+ u)]}m2pi
+30su2m4k+ + 30s
2um4k+ + 48s
2u3 + 48s3u2 + 408s2tu2
−45su3m2k+ + 702s2u2m2k+ − 45stu2m2k+ − 45s3um2k+
−45s2tum2k+ + 60s2m4k+m2pi+ + 60u2m4k+m2pi+ − 15su3m2pi+
+58s2u2m2pi+ + 15stu
2m2pi+ − 90su2m2k+m2pi+ − 90s2um2k+m2pi+
−15s3um2pi+ + 15s2tum2pi+ + 3m2k
{−20 (s2 − 5us+ u2)m4pi
+10
[
4
(
s2 + u2
)
m2k+ − 5stu
]
m2pi − 20
(
s2 + 5us+ u2
)
m4k+
+50stum2k+ + su
(
5s2 − 5ts− 126us+ 5u2 − 5tu)}}µpi+
+
1
720s2u2f4pi
{−60sum6pi − 30 [−6sum2k+ + 2 (s2 + 3us+ u2)m2pi+
+su(3s− t+ 3u)]m4pi + 2
{
120sum4k+
−15 [(−4s2 + 6us− 4u2)m2pi+ + su(3s+ 4t+ 3u)]m2k+
+su
(
45tm2pi+ + 124su
)}
m2pi − 90su2m4k+ − 90s2um4k+
+144s2u3 + 144s3u2 − 36s2tu2 + 45su3m2k+ − 118s2u2m2k+
+45stu2m2k+ + 45s
3um2k+ + 45s
2tum2k+ − 60s2m4k+m2pi+
−60u2m4k+m2pi+ + 15su3m2pi+ − 106s2u2m2pi+ − 15stu2m2pi+
+90su2m2k+m
2
pi+ + 90s
2um2k+m
2
pi+ + 15s
3um2pi+ − 15s2tum2pi+
−15m2k
{−4 (s2 − 5us+ u2)m4pi + 2 [4 (s2 + u2)m2k+ − 5stu]m2pi
−4 (s2 + 5us+ u2)m4k+ + 10stum2k+
25
+su
(
s2 − ts+ 10us+ u2 − tu)}}µk
− 1
480s2u2f4pi
{
20
(
s2 + 3us+ u2
)
m6pi + 10
[
6
(
s2 − us+ u2)m2η
−4 (3s2 + 8us+ 3u2)m2k+ − su (16m2pi+ + 3t)]m4pi
−{−20 (9s2 − 19us+ 9u2)m4k+ + 10su (16m2pi+ − 19t)m2k+
+30m2η
[
2
(
2s2 + us+ 2u2
)
m2k+ − stu
]
+su
(
25s2 + 15ts− 118us+ 25u2 − 80tm2pi+ + 15tu
)}
m2pi
−80s2m6k+ − 80u2m6k+ + 160su2m4k+ + 60s2m2ηm4k+ + 60u2m2ηm4k+
+160s2um4k+ − 16s2u3 − 16s3u2 − 136s2tu2 − 15su3m2η
+10s2u2m2η + 15stu
2m2η − 15s3um2η + 15s2tum2η + 40su3m2k+
−64s2u2m2k+ + 30su2m2ηm2k+ + 30s2um2ηm2k+ + 40s3um2k+
−16s2u2m2pi+ + 80su2m2k+m2pi+ + 80s2um2k+m2pi+
+16sum2k
(
10m4pi − 5tm2pi − 10m4k+ + 5tm2k+ + su
)}
µk+
− 1
1440s2u2f4pi
{
180sum6pi + 30
{−6 (s2 − us+ u2)m2η
+6
(
s2 + us+ u2
)
m2k+ + su
[
8m2pi+ + 3(s− t+ u)
]}
m4pi
−6{4 [15 (s2 + u2)m4k+ − 10sum2pi+m2k+ + su (5tm2pi+ + 6su)]
−15m2η
[
2
(
2s2 + us+ 2u2
)
m2k+ − stu
]}
m2pi + 180s
2m6k+
+180u2m6k+ − 180s2m2ηm4k+ − 180u2m2ηm4k+ + 108s2u3
+108s3u2 − 432s2tu2 + 45su3m2η + 42s2u2m2η
−45stu2m2η + 45s3um2η − 45s2tum2η − 90su3m2k+
−540s2u2m2k+ − 90su2m2ηm2k+ − 90s2um2ηm2k+
−90s3um2k+ − 688s2u2m2pi+ − 120su2m2k+m2pi+ − 120s2um2k+m2pi+
+8sum2k
(−30m4pi + 15tm2pi + 30m4k+ − 15tm2k+ + 56su)}µη
−m
2
pi+
(−2m2k − 2m2pi + 2m2k+ + 2m2pi+ + 3t)Jpipi(t)
24f4pi
+
t
(
2m2pi +m
2
pi+
− 3t)Jpi+pi+(t)
12f4pi
− t
(
2m2k − 2m2pi − 2m2k+ + 2m2pi+ + 3t
)
Jkk(t)
48f4pi
− t
(−2m2k − 2m2pi + 2m2k+ + 2m2pi+ + 3t)Jk+k+(t)
24f4pi
+
m2
pi+
(−2m2k + 6m2η + 2m2k+ + 2m2pi+ − 9t)Jηη(t)
72f4pi
−
(
m2k −m2k+
) (
2m2k + 3m
2
pi + 3m
2
η + 6m
2
k+
− 2m2
pi+
− 9t)Jpiη(t)
36f4pi
− 1
288s2f4pi
{{
54s4 + 39m2k+s
3 − 45m2pi+s3 − 24ts3 − 30us3
−2m4k+s2 + 9m4pi+s2 + 3tm2k+s2 + 3um2k+s2
+33m2k+m
2
pi+s
2 + 3tm2pi+s
2 + 15um2pi+s
2 − 18m2k+m4pi+s
+3tm4pi+s− 3um4pi+s+ 6m4k+m2pi+s− 9tm2k+m2pi+s
−9um2k+m2pi+s+ 12m4k+m4pi+ +m4k
[
12m4pi + 4
(
5s− 6m2k+
)
m2pi
+12m4k+ + 80sm
2
k+ − 22st− 28su
]
+ 12m4pi
(
m4pi+ + sm
2
pi+ + s
2
)
−6m2pi
[(
4m4pi+ − 3sm2pi+ + s2
)
m2k+ + 3sm
2
pi+
(
3s−m2pi+
)]
+4m2k
{−6 (m2pi+ + s)m4pi + 6 [(2m2pi+ + s)m2k+ + s (m2pi+ − 4s)]m2pi
−56s2m2k+ − 6m4k+m2pi+ + 3s
[
(2s− t)m2pi+ + s(7t+ 8u)
]}}
Jkpi+(s)
26
+
{
6m8pi − 6
(
4m2k+ + s
)
m6pi +
[
36m4k+ − 18sm2k+ + s
(−12m2pi+ + 5s− 3u)]m4pi
+2
[−12m6k+ + 27sm4k+ + s (12m2pi+ − 7s+ 3u)m2k+ + s2 (2m2pi+ + 3u)]m2pi
+6m8k+ − 30sm6k+ + 3s4 + 8s2m4k + 49s2m4k+ − 3sum4k+ + 8s2m4pi+
−22s3m2k+ + 2s2tm2k+ + 8s2um2k+ − 12sm4k+m2pi+ − 10s3m2pi+
+36s2m2k+m
2
pi+ + 2s
2tm2pi+ + 2s
2um2pi+ − 3s3u
+4sm2k
[
3m4pi − 2
(
3m2k+ + s
)
m2pi + 3m
4
k+ + 3s
2 − 10sm2k+ − 4sm2pi+
]}
Jpik+(s)
+
1
6
{
108m8k+ − 216m2ηm6k+ − 108sm6k+ + 108m4ηm4k+ + 162s2m4k+
−54sm2ηm4k+ − 72sm2pi+m4k+ − 54sum4k+ + 54sm4ηm2k+ − 36s3m2k+
−117s2m2ηm2k+ − 27stm2ηm2k+ + 81sum2ηm2k+ + 24s2m2pi+m2k+
+72sm2ηm
2
pi+m
2
k+ − 36s2tm2k+ + 72s2um2k+ + 54s4 + 16s2m4k
+9s2m4η + 27stm
4
η − 27sum4η + 16s2m4pi+ − 45s3m2η − 45s2tm2η
+63s2um2η − 60s3m2pi+ + 24s2m2ηm2pi+ + 12s2tm2pi+ + 12s2um2pi+
−54s3u+ 36m4pi
[
3m4η − 3
(
2m2k+ + s
)
m2η + 3m
4
k+ + s
2
]
+8sm2k
[
9m4k+ − 6sm2k+ + 9s2 − 4sm2pi+ − 3m2η
(
3m2k+ + s
)
−3m2pi
(−3m2η + 3m2k+ + s)]+ 18m2pi {−3 (4m2k+ + s)m4η
+
[
24m4k+ + 3sm
2
k+ + s
(
9s− 4m2pi+
)]
m2η
+4m2k+
[−3m4k+ + 3sm2k+ + s (m2pi+ − 3s)]}}Jηk+(s) + [s←→ u]} ; (B10)
THK0pi0→K0pi0(s, t, u) =
2m2k − 2m2pi − 2m2k+ + 2m2pi+ + 3t
12f2pi
+
1
1536π2suf4pi
{−4 (2m2k + 2m2pi − t)m6k
+
[
4su+
(
2m2k + 2m
2
pi − t
) (
7m2pi − 3m2η − 2m2k+ − 2m2pi+
)]
m4k
+2
{[(−2m2k − 2m2pi + t) (m2pi − 3m2η − 2m2k+ − 2m2pi+)− 4su]m2pi
+2su
(
2m2k + 2m
2
pi − 3t
)}
m2k + sum
2
pi
(
2m2k + 2m
2
pi − 3t
)
−m6pi
(
2m2k + 2m
2
pi − t
)
+m4pi
[
4su+
(−2m2k − 2m2pi + t) (3m2η + 2m2k+ + 2m2pi+)]
+su
[
2(st− 2su+ tu) + (2m2k + 2m2pi − 3t) (3m2η + 2m2k+ + 2m2pi+)]}
+
8L1
(
t− 2m2k
) (
t− 2m2pi
)
f4pi
+
4L2
[(
m2k +m
2
pi − s
)
2 +
(
m2k +m
2
pi − u
)
2
]
f4pi
+
L3
[−2m4k − 2 (t− 2m2pi)m2k − 2m4pi + s2 + 2t2 + u2 − 2tm2pi]
f4pi
+
2L4
3f4pi
[
2m4k +
(−24m2pi − 4m2k+ − 24m2pi+ + 15t)m2k − 2m4pi
+2m4k+ − 2m4pi+ − 3tm2k+ + 9tm2pi+ +m2pi
(
4m2pi+ + 3t
)]
−2L5
3f4pi
[
8m4k − 2
(
5m2k+ − 6m2pi+
)
m2k + 4m
4
pi
+m2pi
(
2m2k+ − 4m2pi+ − 6t
)
+m2k+
(
2m2k+ − 2m2pi+ + 3t
)]
+
32L6m
2
km
2
pi+
f4pi
+
32L7
(
m2k −m2k+
) (
3m2k −m2k+ +m2pi+
)
3f4pi
+
16L8
[
3m4k + 4
(
m2
pi+
−m2
k+
)
m2k +m
4
k+
−m2
k+
m2
pi+
]
3f4pi
+
1
720s2u2f4pi
{−30 (s2 − 8us+ u2)m6k + 30 [(3s2 + 2us+ 3u2)m2pi
−4su (m2k+ −m2pi+ + t)]m4k + [−30 (3s2 + 8us+ 3u2)m4pi
+90stum2pi + su
(
15s2 − 866us+ 15u2 + 60tm2k+ − 60tm2pi+
)]
m2k
27
+30(s− u)2m6pi + 30sum4pi
(
4m2k+ − 4m2pi+ + t
)
−2s2u2 (−388m2k+ + 448m2pi+ + 585t)
+sum2pi
(−15s2 + 806us− 15u2 − 60tm2k+ + 60tm2pi+)}µpi
+
1
720s2u2f4pi
{
60sum6k − 30
[−2m2pi+s2 + 3us2 + 3u2s− 2um2pis
+6um2pi+s+ tus+ 2
(
s2 + 5us+ u2
)
m2k+ − 2u2m2pi+
]
m4k
+6
{−10sum4pi − 5 [−4 (s2 + u2)m2k+ + 4 (s2 + u2)m2pi+ + 3su(s+ u)]m2pi
+su
(
25tm2k+ + 15tm
2
pi+ + 148su
)}
m2k − 60sum6pi
+sum2pi
(
45s2 + 45ts− 118us+ 45u2 − 150tm2k+ − 90tm2pi+ + 45tu
)
−30m4pi
[
2
(
s2 − 5us+ u2)m2k+ − 2 (s2 + 3us+ u2)m2pi+ − stu]
+su
{
3
[
5s2 − (5t+ 126u)s+ 5u(u− t)]m2k+
+
[−15s2 + (15t+ 58u)s+ 15(t− u)u]m2pi+ + 360stu}}µpi+
+
1
1440s2u2f4pi
{
240
(
s2 − 4us+ u2)m6k − 60 [(9s2 − 3us+ 9u2)m2pi
+3
(
s2 + us+ u2
)
m2η − 8su
(
m2k+ −m2pi+ + t
)]
m4k
+
{
120
(
3s2 + 8us+ 3u2
)
m4pi + 30
[
12
(
s2 + u2
)
m2η − su
(
16m2pi+ + 19t
)]
m2pi
−2su [4 (15s2 + 4us+ 15u2 + 30tm2k+ − 30tm2pi+)− 45tm2η]}m2k
−60 (s2 + 3us+ u2)m6pi − 30m4pi [6 (s2 − us+ u2)m2η + su (16m2k+ − 3t)]
+sum2pi
(
75s2 + 240m2pi+s+ 45ts+ 62us+ 75u
2 − 90tm2η + 240tm2k+
+240um2pi+ + 45tu
)
+ su
{
15
[
3s2 − (3t+ 2u)s+ 3u(u− t)]m2η
−8su (−34m2k+ + 34m2pi+ + 15t)}}µk
− 1
720s2u2f4pi
{
180sum6k − 30
[−2m2pi+s2 + 3us2 + 3u2s+ 2um2pis
+6um2pi+s+ 3tus+ 2
(
s2 + 5us+ u2
)
m2k+ − 2u2m2pi+
]
m4k
−30{6sum4pi + [−4 (s2 + u2)m2k+ + 4 (s2 + u2)m2pi+ + su(3s− 4t+ 3u)]m2pi
+su
(−5tm2k+ − 3tm2pi+ + 8su)}m2k + 60sum6pi + sum2pi (45s2
+45ts− 286us+ 45u2 − 150tm2k+ − 90tm2pi+ + 45tu
)
−30m4pi
[
2
(
s2 − 5us+ u2)m2k+ − 2 (s2 + 3us+ u2)m2pi+ + stu]
+su
{
5
[
3s2 + (62u− 3t)s+ 3u(u− t)]m2k+
−3 [(5s2 − 5ts+ 18us+ 5u2 − 5tu)m2pi+ + 20stu]}}µk+
+
1
1440s2u2f4pi
{−180 (s2 + u2)m6k + 60 [3 (2s2 + us+ 2u2)m2pi
+3
(
s2 + us+ u2
)
m2η − 4sum2k+
]
m4k + 6
{−30 (s2 + u2)m4pi
−15 [4 (s2 + u2)m2η + stu]m2pi + su (15s2 + 20m2pi+s
+54us+ 15u2 − 15tm2η + 20tm2k+ + 20um2pi+
)}
m2k
−180sum6pi + 30m4pi
[
6
(
s2 − us+ u2)m2η + su (8m2k+ + 3t)]
−3sum2pi
(
15s2 + 40m2pi+s+ 15ts+ 54us+ 15u
2 − 30tm2η
+40tm2k+ + 40um
2
pi+ + 15tu
)
+ su
{[−45s2 + (45t− 42u)s
+45(t− u)u]m2η + 4su
(−112m2k+ + 172m2pi+ + 135t)}}µη
+
t
(
2m2pi +m
2
pi+
− 3t) Jpi+pi+(t)
12f4pi
− m
2
pi+
(
2m2k − 2m2pi − 2m2k+ + 2m2pi+ + 3t
)
Jpipi(t)
24f4pi
− t
(
2m2k − 2m2pi − 2m2k+ + 2m2pi+ + 3t
)
Jkk(t)
24f4pi
28
− t
(−2m2k − 2m2pi + 2m2k+ + 2m2pi+ + 3t)Jk+k+(t)
48f4pi
+
(
2m2k + 6m
2
η − 2m2k+ + 2m2pi+ − 9t
)
Jηη(t)m
2
pi+
72f4pi
+
(
m2k −m2k+
) (
6m2k + 3m
2
pi + 3m
2
η + 2m
2
k+
− 2m2
pi+
− 9t) Jpiη(t)
36f4pi
− 1
144s2f4pi
{
1
2
{
6m8k − 6
(
4m2pi + 5s
)
m6k
+
[
36m4pi + 54sm
2
pi + s
(
12m2k+ − 12m2pi+ + 5s− 3u
)]
m4k
+2
[−12m6pi − 9sm4pi + s (−12m2k+ + 12m2pi+ − 29s+ 3u)m2pi
+s2
(−20m2k+ + 20m2pi+ + 12t+ 15u)]m2k + 6m8pi
−6sm6pi + sm4pi
(
12m2k+ − 12m2pi+ + 5s− 3u
)
+2s2m2pi
(−4m2k+ + 4m2pi+ + 3u)+ s2 [8m4k+ + 4 (3s− 4m2pi+)m2k+
+8m4pi+ − 12sm2pi+ + 3s(s− u)
]}
Jkpi(s)
+
1
6
{
54m8k − 54
(
2m2pi + 2m
2
η + s
)
m6k + 9
[
6m4pi + 12
(
2m2η + s
)
m2pi
+6m4η − 26sm2η + s
(
4m2k+ − 4m2pi+ + 5s− 3u
)]
m4k
+6
{−18m2ηm4pi − 6 [3m4η + 5sm2η + s (m2k+ −m2pi+ + 4s)]m2pi
+s
[
6m4η + 3
(−2m2k+ + 2m2pi+ + 5t+ 8u)m2η
+s
(−4m2k+ + 4m2pi+ + 9u)]}m2k + 18m4pi (3m4η − 3sm2η + s2)
+6sm2pi
[−3m4η + 6 (m2k+ −m2pi+ + s)m2η + 2s (m2pi+ −m2k+)]
+s
{
9(t− 2u)m4η + 6s
(−2m2k+ + 2m2pi+ + 9u)m2η
+s
[
8m4k+ + 4
(
9s− 4m2pi+
)
m2k+ + 8m
4
pi+
−36sm2pi+ + 27s(s− u)
]}}
Jkη(s)
+
{
2
(
3m4k+ − 6m2pi+m2k+ + 3m4pi+ + s2 − 3sm2pi+
)
m4k
+2
{(
20s− 6m2pi
)
m4k+ +
[
6m2pi
(
2m2pi+ + s
)− 56s2]m2k+
−3 (2m2pi + s)m4pi+ + 36s3 + 12s2m2pi+}m2k
+6m4pi
[
m4k+ − 2
(
m2pi+ + s
)
m2k+ +m
4
pi+ + s
2 + sm2pi+
]
+2sm2pi
[
5m4k+ + 6
(
m2pi+ − 4s
)
m2k+ + 3
(
2m4pi+ − 4sm2pi+ + 9s2
)]
−s{(11t+ 14u)m4k+ − 6 [(2s− t)m2pi+ + s(7t+ 8u)]m2k+
+3
[
(u− s)m4pi+ + 2s(4s− u)m2pi+
+s2(13t+ 14u)
]}}
Jk+pi+(s) + [s←→ u]
}
; (B11)
TH
K+K−→K0K¯0(s, t, u) =
m2k +m
2
k+
− u
2f2pi
− 1
384π2tf4pi
{
m6k +
(
2m2pi −m2k+ + 2m2pi+ + t
)
m4k
− [m4k+ + 4 (m2pi +m2pi+ − t)m2k+ + t(4u− 3t)]m2k +m6k+
+2m2pim
4
k+ − tm4k+ − 2st2 − tu2 + 2stm2pi − 2tum2pi + 4t2m2k+
+stm2k+ − 3tum2k+ + 2m4k+m2pi+ − 2t2m2pi+ + 2stm2pi+
}
+
8L1
(
s− 2m2k
) (
s− 2m2
k+
)
f4pi
+
4L2
[(
m2k +m
2
k+
− t) 2 + (m2k +m2k+ − u) 2]
f4pi
+
2L3
((
m2k +m
2
k+
− t) 2 + (s− 2m2k) (s− 2m2k+))
f4pi
+
32L6m
2
km
2
k+
f4pi
+
4L5
(−2m4k + (3m2pi − 4m2k+ + 2u)m2k + 3m2pi (m2k+ − u))
f4pi
29
+
4L4
f4pi
[−m4k + (m2pi − 10m2k+ −m2pi+ + 3s+ t)m2k −m4k+ + 2sm2k+
+um2k+ −m2k+m2pi+ + um2pi+ +m2pi
(
m2k+ − u
)]
+
16L8m
2
km
2
k+
f4pi
− 1
360t2f4pi
{
120
(−m2pi +m2pi+ + t)m4k + 8 [59t2 − 30m2k+ (−m2pi +m2pi+ + t)]m2k
+120tm4k+ + 534t
3 + 594st2 − 15t2m2η + 472t2m2k+
+120m4k+m
2
pi+ + 4t
2m2pi+ + 30stm
2
pi+ − 30tum2pi+ − 1056t2u
+3m2pi
[−40m4k+ − 20tm2k+ − 20tm2k + t(7t+ 20u)]}µpi
− 1
180t2f4pi
[
60
(
m2pi −m2pi+
)
m4k − 8
(
8t2 + 15m2pim
2
k+ − 15m2k+m2pi+
)
m2k
−48t3 + 12st2 + 15t2m2η − 64t2m2k+ − 60m4k+m2pi+ + 5t2m2pi+
−15stm2pi+ + 15tum2pi+ + 72t2u+ 15m2pi
(
4m4k+ + st− tu
)]
µpi+
+
1
60t2f4pi
{
10m6k − 10
(
3m2k+ + t
)
m4k +
[
30m4k+ + 10tm
2
k+ + t(5s+ 14t)
]
m2k
−10m6k+ + t(24t− 5s)m2k+ + t2[3s− 2(6t+ u)]
}
µk
− 1
12t2f4pi
{
2m6k − 6m2k+m4k +
[
6m4k+ − 2tm2k+ + (s− 10t)t
]
m2k
−2m6k+ + 2tm4k+ − t(s+ 8t)m2k+ + t2(3t+ 5u)
}
µk+
+
1
360f4pi
(
896m2k + 15m
2
pi − 129m2η + 896m2k+ − 58m2pi+ − 810u
)
µη
−
(
2m2k − 2m2pi − 2m2k+ + 2m2pi+ + 3s
) (−2m2k − 2m2pi + 2m2k+ + 2m2pi+ + 3s) Jpipi(s)
288f4pi
−
(
s2 +m2ks+m
2
k+
s− ts+ 2tm2
pi+
− 2um2
pi+
)
Jpi+pi+(s)
24f4pi
− 1
72t2f4pi
{
4
[
3m4pi − 3
(
2m2pi+ + t
)
m2pi + 3m
4
pi+ + t
2
]
m4k
−8m2k+
[
3m4pi − 3
(
2m2pi+ + t
)
m2pi + 3m
4
pi+ + t
2
]
m2k + 4t
2m4k+
+12m4k+m
4
pi+ + 3stm
4
pi+ − 3tum4pi+ + 3st3 − 6st2m2pi+
+6t2um2pi+ − 3t3u+ 3m4pi
[
4m4k+ + t(s− u)
]
−6m2pi
[
2
(
2m2pi+ + t
)
m4k+ + t(s− u)
(
m2pi+ + t
)]}
Jpipi+(t)
−
(
2m4k +
(
2m2
k+
− 3t+ u)m2k + s (m2k+ + s− u)) Jkk(s)
12f4pi
−
(
sm2k + s(s− u) +m2k+
(
2m2k + 2m
2
k+
− 3t+ u)) Jk+k+(s)
12f4pi
+
(
2m2k + 3m
2
pi + 3m
2
η + 6m
2
k+
− 2m2
pi+
− 9s) (6m2k + 3m2pi + 3m2η + 2m2k+ − 2m2pi+ − 9s)Jpiη(s)
432f4pi
−
(
2m2k − 6m2η − 2m2k+ − 2m2pi+ + 9s
) (−2m2k − 6m2η + 2m2k+ − 2m2pi+ + 9s) Jηη(s)
288f4pi
− 1
24t2f4pi
{
2m8k − 2
(
4m2k+ + t
)
m6k +
(
12m4k+ + 2tm
2
k+ + st
)
m4k
−2 [4m6k+ − tm4k+ + (s− 3t)tm2k+ + st2]m2k
+
(
t−m2k+
) [−2m6k+ + t(2t− s)m2k+ + t2(t− u)]}Jkk+ (t)
−
(
m2k +m
2
k+
− u) 2Jkk+(u)
4f4pi
−
(
4m2k + 3m
2
η + 4m
2
k+
+m2
pi+
− 9t) 2Jηpi+(t)
216f4pi
; (B12)
30
THK+pi0→K+η(s, t, u) =
9t− 2m2k − 3m2pi − 3m2η − 6m2k+ + 2m2pi+
12
√
3 f2pi
+
1
1536
√
3π2suf4pi
{
3
[−4sm6k+
−4um6k+ + sm2ηm4k+ + um2ηm4k+ + 4sum4k+ + 3sm4ηm2k+
+3um4ηm
2
k+ + 4su
2m2k+ − 4sum2ηm2k+ + 4s2um2k+ − 8stum2k+
+3su2m2η + 3s
2um2η − 6stum2η + 2
((
m2η −m2k+
) (
m2pi +m
2
η + 2m
2
k+ − t
)
m2k+
+su
(
m2pi +m
2
η + 2m
2
k+ − 3t
)]
m2pi+ + 2su[s(t− 2u) + tu]
−m4pi
(
m2η −m2k+
) (
m2pi +m
2
η + 2m
2
k+ − t
)
+ 2m2k
[
su
(
m2pi +m
2
η + 2m
2
k+ − 3t
)
+
(
m2pi −m2k+
) (
m2k+ −m2η
) (
m2pi +m
2
η + 2m
2
k+ − t
)]
+m2pi
{
su
(
m2pi +m
2
η + 2m
2
k+ − 3t
)− (m2η −m2k+)
× [(m2pi +m2η + 2m2k+ − t) (2m2pi+ + 3m2η + 3m2k+)− 4su]}}
+
32L6
(
m2
k+
−m2k
)
m2
k+√
3f4pi
+
16L8
(
m2k −m2pi+
) (
2m2k − 4m2k+ −m2pi+
)
3
√
3f4pi
+
32L7
(
2m4k −
(
m2
k+
+ 3m2
pi+
)
m2k − 3m4k+ +m4pi+ + 4m2k+m2pi+
)
3
√
3f4pi
−L3
[−m4pi + 3 (t− 2m2k+)m2pi −m4η − 2m4k+ + s2 − 2t2 + u2 + 6tm2k+ + 3m2η (t− 2m2k+)]√
3f4pi
− 1
3
√
3f4pi
2L4
[
2m4k +
(
5m2pi + 3m
2
η − 20m2k+ − 4m2pi+ + 3t
)
m2k + 3m
4
pi + 18m
4
k+
+2m4pi+ − 3m2ηm2k+ − 3tm2k+ − 3m2ηm2pi+ − 4m2k+m2pi+ + 9tm2pi+
+m2pi
(
3m2η + 3m
2
k+ − 5m2pi+ − 9t
)]
+
1
9
√
3f4pi
L5
[
4m4k
−2 (−6m2pi − 12m2η − 50m2k+ + 6m2pi+ + 45t)m2k − 45m4pi + 9m4η
−24m4k+ + 8m4pi+ − 27tm2η + 6m2ηm2k+ + 36tm2k+ + 6m2ηm2pi+
−40m2k+m2pi+ + 3m2pi
(−12m2η − 34m2k+ + 6m2pi+ + 45t)]
+
1
480
√
3s2u2f4pi
{−60s2m6k+ − 60u2m6k+ + 120su2m4k+ + 60s2m2ηm4k+
+60u2m2ηm
4
k+ + 120s
2um4k+ + 30su
3m2k+ − 140s2u2m2k+
−120su2m2ηm2k+ − 90s2um2ηm2k+ + 80su2m2pi+m2k+
+80s2um2pi+m
2
k+ + 30s
3um2k+ + 15s
2um4η + 1044s
2u3
+1044s3u2 − 2016s2tu2 + 9s2u2m2η − 15s3um2η
−15s2tum2η − 768s2u2m2pi+ − 60su2m2ηm2pi+ − 60s2um2ηm2pi+
+4sum2k
[
5m4pi − 5
(−4m2η + 2m2k+ + t)m2pi + 15m4η
−5m2η
(
3t− 2m2k+
)
+ 4
(−10m4k+ + 5tm2k+ + 43su)]
−5m4pi
[−12 (s2 − us+ u2)m2η + 12 (s2 + u2)m2k+ + su (4m2pi+ + 3s)]
−5m2pi
{
12sum4η + 4
[
6
(
s2 + us+ u2
)
m2k+ + su
(
m2pi+ − 3t
)]
m2η
−24 (s2 + u2)m4k+ − 2sum2k+ (−4m2pi+ + 3s+ 6u)
+su
(
3s2 − 3ts+ us+ 6u2 − 4tm2pi+
)}}
µpi
− 1
720
√
3s2u2f4pi
{
105sum2pi+m
4
pi + 3
{
5
[
9us2 +
(−12s2 + 7us− 12u2)m2pi+]m2η
+su
(
32su− 35tm2pi+
)
+m2k+
[
10
(
6s2 + 7us+ 6u2
)
m2pi+
+5su(7u− 5s)]}m2pi + 135s2um4η + 210su2m4k+
−150s2um4k+ + 36s2u3 + 36s3u2 − 504s2tu2 + 441s2u2m2η
31
−135s3um2η − 135s2tum2η − 45su3m2k+ + 370s2u2m2k+
−45stu2m2k+ − 135su2m2ηm2k+ − 45s2um2ηm2k+ + 135s3um2k+
+135s2tum2k+ − 180s2m4k+m2pi+ − 180u2m4k+m2pi+ + 45su3m2pi+
−318s2u2m2pi+ − 45stu2m2pi+ − 135su2m2ηm2pi+ − 135s2um2ηm2pi+
+30su2m2k+m
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2
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2
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15sum4pi
+15
[
2
(
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√
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2
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−27s2um4η − 6su2m4k+ + 66s2um4k+ + 36s2u3 + 36s3u2
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+27s2um2ηm
2
pi+ − 6su2m2k+m2pi+ − 36s2m2ηm2k+m2pi+
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+3m2k
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+stu]m2pi + 15sum
4
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√
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+1584s2tu2 + 135su3m2η − 726s2u2m2η − 135stu2m2η
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+3m2pi
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+180s2m4ηm
2
k+ + 180u
2m4ηm
2
k+ − 90su3m2k+
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(
t− 2m2k+
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m2pi − 3m4η + 8su
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+ 60sum4pi
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3m2η + 2m
2
k+ −m2pi+
)
−3m2pi
{
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s2 − us+ u2)m4η − 5 [8 (3s2 + 4us+ 3u2)m2k+
+su
(−4m2pi+ − 12t+ 3u)]m2η + 4 [5 (3s2 − 4us+ 3u2)m4k+
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−
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2
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√
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√
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2
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√
3f4pi
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2
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(−2m2k − 3m2pi − 3m2η − 6m2k+ + 2m2pi+ + 9t)Jpiη(t)
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√
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)
Jηη(t)
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√
3f4pi
+
t
(
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Jpi+pi+(t)
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√
3f4pi
− 1
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√
3s2f4pi
×{{[36m4k+ + 42sm2k+ − 5s2 + 9st− 9su+ 3m2pi (12m2η − 12m2k+ + s)
−9m2η
(
4m2k+ + 5s
)]
m4k +
{−72m2pi+m4k+ + 6sm4k+
−39s2m2k+ − 36sm2pi+m2k+ − 9stm2k+ − 9sum2k+
+39s3 − 38s2m2pi+ − 18stm2pi+ + 18sum2pi+ − 33s2t
+3s2u+ 9m2η
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8m2pi+ + s
)
m2k+ + s
(
2m2pi+ + 9s
)]
−3m2pi
[
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(
2m2pi+ + s
)
m2η + s
(
5s− 6m2pi+
)
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(
24m2pi+ + 19s
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18m4pi+m
4
k+
+4s2m4k+ − 12sm2pi+m4k+ − 24sm4pi+m2k+ − 72s3m2k+
+40s2m2pi+m
2
k+ + 15stm
4
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4
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+36s3m2pi+ − 18s2tm2pi+ + 45s3t+ 36s3u
−3m2η
[
2
(
3m4pi+ − 3sm2pi+ + s2
)
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(−m4pi+ + 12sm2pi+ + 9s2)]− 3m2pi [(7s− 6m2η)m4pi+
−4s2m2pi+ + 9s3 + 2m2k+
(
3m4pi+ + sm
2
pi+ + s
2
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Jkpi+(s)
+
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18m8k+ − 18m2ηm6k+ − 54sm6k+ + 27s2m4k+ + 54sm2ηm4k+
−24sm2pi+m4k+ − 9sum4k+ − 30s3m2k+ − 18s2m2ηm2k+
+20s2m2pi+m
2
k+ + 18sm
2
ηm
2
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2
k+ + 6s
2tm2k+
+24s2um2k+ + 9s
4 + 8s2m4k + 8s
2m4pi+ − 18s3m2pi+
+6s2tm2pi+ + 6s
2um2pi+ − 9s3u+ 18m6pi
(
m2η −m2k+
)
33
+3m4pi
[
18m4k+ + 6sm
2
k+ − 6m2η
(
3m2k+ + s
)
+ s
(−2m2pi+ + s− 3u)]
+2sm2k
{
3m4pi +
[
9m2η − 5
(
3m2k+ + s
)]
m2pi − 3m2η
(
3m2k+ + s
)
+4
(
3m4k+ − 4sm2k+ + 3s2 − 2sm2pi+
)}
+ 2m2pi
{−27m6k+
+18sm4k+ + 3s
(
5m2pi+ − 8s+ 3u
)
m2k+ + s
2
(
2m2pi+ + 9u
)
+3m2η
[
9m4k+ − 6sm2k+ + s
(
2s− 3m2pi+
)]}}
Jpik+(s)
+
1
2
{
9
(
12m2pi − 12m2k+ + 7s
)
m6η − 3
[−108m4k+ − 20sm2k+
+3m2pi
(
36m2k+ + 5s
)
+ 3s
(
4m2pi+ + 5s+ 7t+ 13u
)]
m4η
+6
{−54m6k+ − 46sm4k+ + s (6m2pi+ − 21s+ 29t+ 47u)m2k+
+2s2
(
m2pi+ + 9u
)
+m2pi
[
54m4k+ − 41sm2k+ + 6s
(
m2pi+ + 2s
)]}
m2η
−16s2m4k + 4sm2k
[
9m4η − 3
(
3m2k+ + s
)
m2η + 3m
2
pi
(−3m2η + 3m2k+ + s)
+8s
(
m2pi+ −m2k+
)]
+ 2
{
54m8k+ − 18
(
3m2pi + 5s
)
m6k+
+3s
(
30m2pi + 23s− 9u
)
m4k+ − 2s
[(
9m2pi+ + 30s
)
m2pi
+s
(−8m2pi+ + 18s− 27u)]m2k+
+s2
[−8m4pi+ − 6m2pim2pi+ + 27s(s− u)]}} Jηk+(s) + [s←→ u]} ; (B13)
THK0pi0→K0η(s, t, u) =
2m2
k+
− 2m2
pi+
+ 3
(
2m2k +m
2
pi +m
2
η − 3t
)
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√
3f2pi
+
1
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√
3π2suf4pi
{
4
(
2m2k +m
2
pi +m
2
η − t
)
m6k
− [4su+ (2m2k +m2pi +m2η − t) (3m2pi +m2η − 2m2k+ − 2m2pi+)]m4k
−{(2m2k +m2pi +m2η − t)m4pi + 2 [(2m2k +m2pi +m2η − t) (m2k+ +m2pi+)
−2su]m2pi + 4su
(
2m2k +m
2
pi +m
2
η − 3t
)
+m2η
[(
2m2k +m
2
pi +m
2
η − t
) (
3m2η + 2m
2
k+ + 2m
2
pi+
)− 4su]}m2k
+m4pim
2
η
(
2m2k +m
2
pi +m
2
η − t
)
+ su{−2[s(t− 2u) + tu]
− (2m2k +m2pi +m2η − 3t) (3m2η + 2m2k+ + 2m2pi+)}
+m2pi
{
m2η
[(
2m2k +m
2
pi +m
2
η − t
) (
3m2η + 2m
2
k+ + 2m
2
pi+
)− 4su]
−su (2m2k +m2pi +m2η − 3t)}}
+
L3
[−2m4k + 6 (−m2pi −m2η + t)m2k −m4pi −m4η + s2 − 2t2 + u2 + 3tm2pi + 3tm2η]√
3f4pi
+
32L6
(
m2
k+
−m2k
)
m2k√
3f4pi
+
16L8
(
m2
k+
−m2
pi+
) (
4m2k − 2m2k+ +m2pi+
)
3
√
3f4pi
+
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[
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(
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− 4m2
pi+
)
m2k − 2m4k+ −m4pi+ + 3m2k+m2pi+
]
3
√
3f4pi
− 1
3
√
3f4pi
2L4
[−30m4k + (−9m2pi − 3m2η + 28m2k+ + 8m2pi+ + 21t)m2k
−3m4pi + 2m4k+ − 2m4pi+ + 3m2ηm2k+ − 21tm2k+ + 3m2ηm2pi+ − 9tm2pi+
+m2pi
(−3m2η +m2k+ + 5m2pi+ + 9t)]+ 1
9
√
3f4pi
L5
[−12m4k
+2
(
42m2pi − 3m2η − 44m2k+ + 26m2pi+ + 9t
)
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4
pi + 8m
4
k+
−8m4pi+ − 9sm2η + 18tm2η − 9um2η − 12m2ηm2k+ + 6sm2k+
+42tm2k+ + 6um
2
k+ − 6m2ηm2pi+ − 9m2pi
(−5m2η + 2m2pi+ + 15t)]
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+
1
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√
3s2u2f4pi
{
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(
s2 − 4us+ u2)m6k − 20 [6 (s2 + us+ u2)m2pi
+3m2η
(
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2
pi +m
2
η − t
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2 − 2su (4m2k+ + 3t)]m4k
−2{−30 (s2 + u2)m4pi + 5 [su (−4m2k+ + 3s+ 6u)− 12(s+ u)2m2η]m2pi
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[−60m4η + 20 (−6m2k +m2k+ − 3m2pi+ + 3t)m2η + 15s2
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2
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2
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m2k
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(
3s− 4m2k+
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+su
(−172m2k+ + 192m2pi+ + 765t)]+ sum2pi {60m4η
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[
3
(
4m2pi+ + s− 4t
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2
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2
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+
1
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√
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(
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{
3
[−4 (3s2 − 4us+ 3u2)m2k+ + 4 (3s2 + 4us+ 3u2)m2pi+
+su(7u− 5s)]m2pi + su
(
27s2 + 27ts+ 74us− 9u2
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}
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√
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−16m2pi+ + 33s+ 21u
)]
m2pi − 90
(
s2 + u2
)
m4η
−5sum2η
(−16m2k+ + 16m2pi+ + 15s+ 27u)
+4su
(
15s2 + 14us+ 15u2 + 10tm2k+ − 10tm2pi+
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−su [−15 (8m2k+ − 8m2pi+ + s− 3u)m4η + (105s2 + 15ts
−274us+ 45u2 + 120tm2k+ − 120tm2pi+ − 45tu
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√
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+s(11s− u)u]m4k +
{−3 [−4 (3s2 − 4us+ 3u2)m2k+
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)
+su
{
9
(
5m2k+ + 3m
2
pi+
)
m4η − 3
(
15tm2k+ + 9tm
2
pi+ + 4su
)
m2η
+
[
9s2 + (2u− 9t)s+ 9u(u− t)]m2k+ − 3 [(3s2 − 3ts
+22us+ 3u2 − 3tu)m2pi+ + 36stu]}
+3m2pi
{
2
[(−6s2 + 7us− 6u2)m2k+ + (6s2 + us+ 6u2)m2pi+
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√
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√
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−3 (m4pi+ − 12sm2pi+ + 3s2)]}} Jk+pi+(s) + [s←→ u]} ; (B14)
THK+η→K+η(s, t, u) =
2m2k − 6m2η − 2m2k+ − 2m2pi+ + 9t
12f2pi
+
1
512π2suf4pi
{−3sm6η − 3um6η
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4
η + 2um
2
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4
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4
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2
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4
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2
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(
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2
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(
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2
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)
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+
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+
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+
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+
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(−3m2pi − 3m2η + 3m2k+ − 2m2pi+ + 6t)m2k + 14m4k+
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+
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+
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(
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2
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2
pi+ − 45su3m2pi+
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{−12 (3s2 + us+ 3u2)m4η
+6
[
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(
s2 + u2
)
m2k+ + stu
]
m2η − 12
(
3s2 − us+ 3u2)m4k+
−6stum2k+ + su
(
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− 1
720s2u2f4pi
{
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[(
3s2 − 7us+ 3u2)m2pi+ − 4sum2k+]m4η
+6
{−40sum4k+ − 5 [2 (6s2 + 7us+ 6u2)m2pi+ + su(3s− 4t+ 3u)]m2k+
+su
(
35tm2pi+ + 108su
)}
m2η + 30su
2m4k+ + 30s
2um4k+
+504s2u3 + 504s3u2 − 1836s2tu2 + 45su3m2k+ − 902s2u2m2k+
+45stu2m2k+ + 45s
3um2k+ + 45s
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2m4k+m
2
pi+
+180u2m4k+m
2
pi+ − 45su3m2pi+ + 622s2u2m2pi+ + 45stu2m2pi+
+210su2m2k+m
2
pi+ + 210s
2um2k+m
2
pi+ − 45s3um2pi+ + 45s2tum2pi+
+m2k
{−60 (3s2 + us+ 3u2)m4η + 30 [12 (s2 + u2)m2k+ + stu]m2η
−60 (3s2 − us+ 3u2)m4k+ − 30stum2k+
+su
[
45s2 − (45t+ 494u)s+ 45u(u− t)]}}µk
+
1
1440s2u2f4pi
{−540s2m6η − 540u2m6η − 90su2m4η + 1800s2m2k+m4η
+1800u2m2k+m
4
η − 90s2um4η − 1980s2m4k+m2η − 1980u2m4k+m2η
+315su3m2η − 1602s2u2m2η + 45stu2m2η + 1530su2m2k+m2η
+1530s2um2k+m
2
η − 240su2m2pi+m2η − 240s2um2pi+m2η
+315s3um2η + 45s
2tum2η + 720s
2m6k+ + 720u
2m6k+
−1440su2m4k+ − 1440s2um4k+ + 144s2u3 + 144s3u2
+1944s2tu2 − 360su3m2k+ + 96s2u2m2k+ − 360s3um2k+
−208s2u2m2pi+ + 240su2m2k+m2pi+ + 240s2um2k+m2pi+
+16sum2k
(
30m4η − 15tm2η − 30m4k+ + 15tm2k+ + 13su
)
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−12 (s2 + us+ u2)m4k+ + 6stum2k+
+su
(
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− 1
240s2u2f4pi
{−90(s− u)2m6η + 30 [(9s2 + 8us+ 9u2)m2k+
−su (4m2pi+ + 3t)]m4η + 3 [−10 (9s2 − 2us+ 9u2)m4k+
−10su (4m2pi+ + t)m2k+ + su (15s2 − 2us+ 15u2
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m2η + 90s
2m6k+ + 90u
2m6k+
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2
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2
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2
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2
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(
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2
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1
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2
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4
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54m4η
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(
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)
m2η + 54m
4
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(
3m4pi+ − 3sm2pi+ + s2
)
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[(
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2
pi+
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s
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)
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+
1
6
{
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k+ − 72sm2pi+m4k+ − 54sum4k+ − 54sm4ηm2k+
−36s3m2k+ − 207s2m2ηm2k+ + 27stm2ηm2k+ + 27sum2ηm2k+
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2
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2
ηm
2
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2
k+ − 36s2tm2k+ + 72s2um2k+
+54s4 + 16s2m4k + 18s
2m4η + 16s
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[
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]
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(
3m2k+ + s
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−3m2pi
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+3s
(
2m2pi+ + 5t+ 8u
)
m2k+ − 9m4η
(
2m2k+ + s
)
39
+s2
(
2m2pi+ + 9u
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}
; (B15)
THK0η→K0η(s, t, u) =
−2m2k − 6m2η + 2m2k+ − 2m2pi+ + 9t
12f2pi
+
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+
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−9sm2η + 18tm2η − 9um2η + 6m2ηm2k+ − 3sm2k+ + 6tm2k+ − 3um2k+
−6m2ηm2pi+ − 6m2k+m2pi+ − 9m2pi
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)}
m2k − 180sum6η
+6sum2η
(
5tm2k+ + 35tm
2
pi+ + 48su
)− 30m4η [2 (3s2 + us+ 3u2)m2k+
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)]
m4k
+2
[−108m6η − 9sm4η − 3s (−12m2k+ + 12m2pi+ + 55s− 9u)m2η
+s2
(
28m2k+ − 28m2pi+ + 36t+ 63u
)]
m2k + 54m
8
η − 54sm6η
+6s2m2η
(
4m2k+ − 4m2pi+ + 9u
)
+ 9sm4η
(−4m2k+ + 4m2pi+ + 5s
−3u) + s2 [8m4k+ − 4 (4m2pi+ + 9s)m2k+ + 8m4pi+ + 36sm2pi+
+27s(s− u)]}Jkη(s) +
{
4
[
7m4k+ − 18
(
3m2pi+ + s
)
m2k+ + 27m
4
pi+
+7s2 − 9sm2pi+
]
m4k + 2
{
s
[−9m4k+ + 8 (8s− 5m2pi+)m2k+
+2
(
56m4pi+ − 100sm2pi+ + 9s2
)]− 12m2η [9m4k+
−3 (6m2pi+ + s)m2k+ + 9m4pi+ + 2s2 − 6sm2pi+]}m2k
+36m4η
(
3m4k+ − 6m2pi+m2k+ + 3m4pi+ + s2 − 3sm2pi+
)
−2sm2η
[−9m4k+ + (96s− 68m2pi+)m2k+ + 14m4pi+ + 24sm2pi+]
+s
{
[s+ 27(t− u)]m4k+ +
[
(40u− 68t)m2pi+ − 36s(t− 2u)
]
m2k+
−2(11t+ 38u)m4pi+ + 36s(2t+ 5u)m2pi+
+54s2(s− u)}}Jk+pi+(s) + [s←→ u]} . (B16)
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